Integrals Involving

Products of Trig Functions

Three special cases where trigonometric substitutions can be utilized to
evaluate an integral:

Case #1
J‘sinn xcos™ xdx
(with n or m odd)

a.If mis odd: make the substitution u=sin X. Then du=cos xdx . This uses one factor of
COS X . The remaining even factors of COS X can be converted to a function of sin x by

the identity: cos® X =1—sin® x. The integral then has the form:
jsinn x(L—sin? X)* cos xdx = ju“(l—uz)kdu

b. If nis odd: make the substitution u=C0S X . Then du=—sin xdx. This uses one factor of
sin X. The remaining even factors of sin X can be converted to a function of COSX by

the identity: sin® x =1—cos” X. The integral then has the form:

—jcosm x(L—cos® x)" sin xdx = —Ium(l—uz)kdu
Case #2
J‘sinn xcos™ xdx
(with both n and m even)

Use the following identities repeatedly until an integrand involving only
constants and cosine terms is obtained.

Sinzle—ECOSZX and coszx:£+1c032x
2 2 2 2
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Case #3
[ sec™x tan™xdx

b. Ifnis even write sec"” Xas a function of tan x using the identity
sec’ X = tan” X +1. Then make the substitution u= tan x . The remaining factor
sec” xbecomes du.

c.If m is odd write tan™? X as a function of Sec X using the identity tan® x =sec® x—1.
Make the substitution u=Sec X using one factor of SeC X and using the remaining
factor of tanx as du=sec xtanxdx.

d. Ifn=o0, write

_[tanmxdx = jtan’“’2 x(tan® x)dx = _[tan’“’2 x(sec’ x —1)dx =

I tan™ x(sec’ x)dx —‘[tanm‘2 xdx

Integrate the first integral and repeat above process for J.tan ™2 xdx
e.In none of the above cases apply; try rewriting the integrand in terms of sines and
cosines or use integration by parts.

NOTE: For integrals involving powers of the cotangent and cosecant, follow the strategies of
step 3 making use of the identity csc® x =1+ cot? X

EXAMPLES:
1. Evaluate: ISinz X C0S> xdx

Solution:

Since m is odd, let u=sin X. Then du= cos XdXx .

Write:

jsin2 X C0S° XdX = jsin2 xcos” x(cos x)dx =

= J‘sin2 x(cos” x)*(cos X)dx = _[sinz X(1—sin® x)*(cos x)dx =

:juz(l—uz)zdu:ju2(1—2u2+u4)du:j(u2—2u4+u6)du:
u® 2u®> u’ sin®x  2sin®x sin’ x

=——-——+_—-+C= +
3 o5 7 3 5 I

4
2. Evaluate: J-COS XdX
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Solution:

2
Since m and n are both even (with n=0), replace cos* x by (% + %COS ZXJ

Write:
2 2
J'cos“xdx:.[ 11 os2x dx:I 11 osoxy 9057 2X |y,
2 2 4 2 4

Replace cos®2X by (%+%cos4xj

=J' E+100st+1 1+100$4x dx = I 1 COSZXJFE lcos4x dx =
4 2 412 2 2 8 8
3 cos2x cos4x 3 1 1
=|| =+ + dx == [ dx+=| (cos2x)(2)dx + — | (cos4x (4 )dx =
I35+ %5 o= g locs L coszm@incs g flms e
3 sin2x sin4x
=—X +C
8 4 32
3
jtan X dx
3. Evaluate: sec X
Solution:
Since m is odd, use the identity tan® x =sec® x—1
Write:
tan® x s A A )
xdx = | sec 72 xtan® xdx = | sec 72 x{tan“ x ktan x Jdx
J"\/secx -[ j ( X )

- -3
Replace sec % X by sec % XS€ec X

| sec 2 xsec x(tan? x tan x)dx = | sec 2 x(tan? x tan xsec x)dx =

- '[(sec_% x)(sec2 X —1)(tan xsec x)dx

Let u=Sec X and du= tan xsec xdx

B} W 2
=|u u —1)du —u/ du—— /+2uy+C=
e G
_ 2(secx)’ L2 e 2sec’? x L2
3 (secx)% 3 sec’? x

PRACTICE:
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1. Icos2 x tan® xdx

2. J.tan2 xdx

3. J.tan4 xsec® xdx

cos® a
4.
J.\/sm

5. Icosx.+sm2xdx

sin x

6. Itan3 xsec xdx

ANSWERS
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%cos2 x—In|cos x| +C

2 tanx—x+C

%tan9 x+gtan7 X+%tan5 X+C

3.
ZSin%a—ﬂsin%a+ESin%a+C
4. 5 9
5 In|sinx|+25inx+C
1
—sec’x—secx+C
6. 3
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