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The APD Method of Understanding Variances and Expected
Mean Squares

by

Joseph G. Voelkel

Abstract

The usual formulas for the sample variance and main-effect mean squares can be
rewritten as a sum of squares of all pairwise differences (APD) of random variables.
Under common model assumptions, such random-variable pairs are uncorrelated, and
this leads to a simpler, more intuitive, approach to finding associated expectations.
We illustrate this with a variety of examples, and show how this approach can provide
insight into ANOVA models. We also show how this approach can be used for solv-
ing other problems, including finding expected mean squares for interaction terms,
expected value of s2 in finite-population sampling, and Var (s2) both in the i.i.d. case
and an extension to the non-identically-distributed case.

1 The APD Method

The APD (all paired differences) method is based on an algebraic relationship between
the sample variance of a set of data and the squared differences of each distinct pair

Key Words and Phrases: finite-population sampling; restricted and unrestricted forms;
ANOVA

1



of data values. The relationship may be expressed in any of the following ways:

s2 =
nX
i=1

¡
Xi − X̄

¢2
/ (n− 1) (1)

= (1/4)
nX

j=1

nX
i=1

(Xi −Xj)
2 /

µ
n

2

¶
(2)

= (1/2)
X
i<j

(Xi −Xj)
2 /

µ
n

2

¶
(3)

=
X
i<j

(Xi −Xj)
2 /n(n− 1). (4)

The usefulness of the equivalence of (1) with the other formulas will soon be seen.
To prove it, first start with (2). Summing over each i and each j is equivalent to
summing over the three sets {i < j}, {i = j}, and {i > j}. The middle set contributes
nothing to the sum, while the first and last sets contribute equally. This shows that
(2) is equivalent to (3), and hence (4). To show that (2) is equivalent to (1), write
(2) as

(1/4)
nX

j=1

nX
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¡
Xi − X̄ + X̄ −Xj

¢2
/

µ
n

2

¶

= (1/4)
nX

j=1
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i=1
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¢2
+
¡
Xj − X̄

¢2
+ 2

¡
Xi − X̄

¢ ¡
Xj − X̄

¢i
/

µ
n

2

¶

= (1/4)

"
n

nX
i=1

¡
Xi − X̄

¢2
+ n

nX
j=1

¡
Xj − X̄

¢2#
/

µ
n

2

¶

=
nX
i=1

¡
Xi − X̄

¢2
/ (n− 1) .

2 Some Fundamental Examples of the Use of APD

The first example of the use of APD is to gain insight into the population and sample
variances. The former, σ2, is equal to one-half of the expected squared difference
between two values–E

£
(Xi −Xj)

2¤ /2. However, using (3), and noting that the
number of terms in the sum is

¡
n
2

¢
, we see that s2, is simply one-half of the average

squared distances among all the distinct pairs of the data. So the result that hold in
expectation also holds on a sample-to-sample basis.
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A more important application of the APD method is that it arguably provides
both a simpler and more insightful approach to finding expectations involving terms
that are “s2” in nature than the commonly used methods. We start by showing that
s2 is unbiased for σ2 under the usual assumptions. We use the notation

{Xi} ∼ uncorr
¡
µi, σ

2
i

¢
, i = 1, . . . , n

to mean that X1, X2, . . . ,Xn are uncorrelated random variables with E (Xi) = µi
and Var (Xi) = σ2i . We omit subscript limits when they are obvious.

Example 1 If {Xi} ∼ uncorr (µ, σ2) , i = 1, . . . , n, then E (s2) = σ2.

Proof. The assumptions directly imply that E
¡
(Xi −Xj)

2¢ = Var (Xi −Xj) +

[E (Xi −Xj)]
2 = 2σ2, so, using (3),

E
¡
s2
¢
= (1/2)

X
i<j

E
£
(Xi −Xj)

2¤ /µn
2

¶
= (1/2)

X
i<j

2σ2/

µ
n

2

¶
= σ2.

The elegance of the method here is that the covariances of all terms under in-
vestigation (here, Xi and Xj) are zero. This circumvents the annoying task that
the standard proof entails of either (1) handling covariances (here, between Xi and
X̄) or expanding

¡
Xi − X̄

¢2
into terms of the form XiXj/n. However, even if the

covariances between Xi and Xj were non-zero, the APD approach could use these
covariances directly and simply, as we show in Example 4.
We next investigate what happens when the variances of the {Xi}, and then the

means of the {Xi}, may differ.

Example 2 If {Xi} ∼ uncorr (µ, σ2i ) , i = 1, . . . , n, then E (s
2) =

Pn
i=1 σ

2
i /n.
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Proof. We have

E
¡
s2
¢
= (1/2)

X
i<j

E
£
(Xi −Xj)

2¤ /µn
2

¶
= (1/2)

X
i<j

¡
σ2i + σ2j

¢
/

µ
n

2

¶

= (1/2)
nX
i=1

(n− 1)σ2i /
µ
n

2

¶
=

nX
i=1

σ2i /n,

where the third line is obtained by noting that each σ2i appears in exactly (n− 1)
terms in the sum.

Example 3 If {Xi} ∼ uncorr (µi, σ
2) , i = 1, . . . , n, then

E (s2) = σ2 +
Pn

i=1 (µi − µ̄)2 / (n− 1).

Proof. Because

E
£
(Xi −Xj)

2¤ = Var (Xi −Xj) + [E (Xi −Xj)]
2

= 2σ2 +
¡
µi − µj

¢2
,

then

E
¡
s2
¢
= (1/2)

X
i<j

h
2σ2 +

¡
µi − µj

¢2i
/

µ
n

2

¶

= σ2 +
nX
i=1

(µi − µ̄)2 / (n− 1) ,

where the second term on the last line was found by using the algebraic relation
from (3) to (1) applied to the {µi} instead of the {Xi}. All three examples could
be subsumed under a general one of different means and variances, but the above
approach seems more instructive.
Next we examine the finite population case.

Example 4 . If {Xi} , i = 1, . . . , n, is a random sample from a population of size
N , with population variance σ2, then E (s2) = σ2N/ (N − 1).
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Proof. Without loss of generality, assume the population mean µ is zero. To use
the APD method, we need to find, for i 6= j,

E
¡
(Xi −Xj)

2¢ = Var (Xi) + Var (Xj)− 2E (XiXj)

= 2σ2 − 2E (XiXj) .

But

E (XiXj) = E (E (XiXj |Xj ))

= E (Xj E (Xi |Xj ))

= E

µ
Xj

µ
Nµ−Xj

N − 1
¶¶

= E

µ
Xj

µ −Xj

N − 1
¶¶

= − σ2

N − 1 .

The third line in this last equation is simply “average of all X’s except for Xj.”
This shows in a direct way the difference between sampling from finite and infinite
populations. So, E

¡
(Xi −Xj)

2¢ = 2σ2 (1 + 1/ (N − 1)) = 2σ2N/ (N − 1), and hence
E (s2) = σ2N/ (N − 1). Once again, we have avoided the excess algebra required by
the customary proof–see, e.g., Cochran (1977)–while at the same time providing
insight into the problem. Note, for example, that E

¡
(Xi −Xj)

2¢ is larger here than
in the infinite-population case, which makes sense–crudely speaking, sampling one
unit below the mean implies that the next unit is more likely to be above the mean.

3 Simple ANOVA Examples

We use the notation of Lorenzen and Anderson (1993) andmake the usual assumptions
to find expected mean squares:

1. The ε’s under consideration are assumed to be random variables with mean 0
and variance σ2.

2. Random variables with the same letter(s) appearing on the right side of the
equations have means of 0 and a common variance, denoted by using the letter(s)
as a subscript. For example, if {Bj} are random variables, they have mean 0
and variance σ2B.
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3. All random variables on the right side of the equation are uncorrelated with
each other unless specifically stated otherwise. For example, if there are n εi’s
and J Bj’s, the n+ J random variables are uncorrelated.

We use the standard “bar” and “dot” notation to indicate averaging.

Example 5 (Fixed effects, one-way ANOVA). Let

Yij = µ+Ai + εj(i), i = 1, . . . , I, j = 1, . . . , J,

where the {Ai} are subject to the restriction
P

Ai = 0. Find E [MSA].

Solution. For this model, MSA = J
PI

i=1

¡
Ȳi. − Ȳ..

¢2
/ (I − 1). By the assump-

tions, it follows that
©
Ȳi.
ª ∼ uncorr (µ+Ai, σ

2/J), so the results of Example 3 can
be used. Define

Q[A] =
IX

i=1

A2i / (I − 1) .

Then, because Ā. = 0,

E [MSA] = J
IX

i=1

E
h¡
Ȳi. − Ȳ..

¢2i
/ (I − 1)

= J

Ã
σ2/J +

IX
i=1

¡
Ai − Ā.

¢2
/ (I − 1)

!
= σ2 + JQ[A].

(It is instructive to derive this using the idea of Example 3 directly on the
©
Ȳi.
ª
rather

than simply performing the substitution as here.)

Example 6 (Random effects, one-way ANOVA). Let

Yij = µ+Ai + εj(i), i = 1, . . . , I, j = 1, . . . , J,

where the {Ai} are random (with mean 0, variance σ2A, and so on, as noted earlier).
Find E [MSA].

Solution. Again, MSA = J
PI

i=1

¡
Ȳi. − Ȳ..

¢2
/ (I − 1). We will find E [MSA]in

two different ways. First, because Ȳi. = µ+Ai+ε̄.(i), then
©
Ȳi.
ª ∼ uncorr (µ, σ2A + σ2/J).

The results of Example 1 can be used directly, leading to

E [MSA] = J
¡
σ2A + σ2/J

¢
= Jσ2A + σ2.
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Another approach to the problem is to use the relation E [MSA] = E [E [MSA| {Ai}]].
This conditioning on the {Ai} is insightful. For example, if factor A represents an
“operator” effect, where I operators have been selected at random from a much
larger group, then E [MSA| {Ai}] indicates the EMS for this group of operators (fixed
effects for these {Ai}), while the second expectation is over all operators (random
effects). We can use the fixed-effects example as a basis, but noting that the restriction
“
P

Ai = 0” no longer applies because of random sampling. This leads to

E [MSA] = E

"
E

"
J

IX
i=1

¡
Ȳi. − Ȳ..

¢2
/ (I − 1) | {Ai}

##

= E

"
σ2 + J

IX
i=1

¡
Ai − Ā.

¢2
/ (I − 1)

#
= σ2 + Jσ2A.

These results apply when sampling {Ai} from an infinite population. If they are
sampled from a finite population, we can find E [MSA] in the above by using the
finite population correction factor as shown in Example 4.

4 Two-way ANOVA with Fixed Effects and Sampling

Consider a design intended to study a part dimension. Say the design has two crossed
factors, associated with temperatures {Ai} and pressure {Bj}, where both factors are
fixed, and that each of these IJ treatment combinations are replicated K times. For
each replicate L parts are randomly selected from the large number produced for that
run and all IJKL parts are then measured in a random order. The natural ANOVA
model is

Yijkl = µ+Ai +Bj +ABij + Ck(ij) + εl(ijk),

with
P

Ai =
P

Bj = 0,
P

j ABij = 0 for each i and for each j, and the
©
Ck(ij)

ª
and

the
©
εl(ijk)

ª
are random.

Example 7 Find E (MSB).

Solution. We start with MSB = IKL
PJ

j=1

¡
Ȳ. j. − Ȳ...

¢2
/ (J − 1). Because

Ȳ. j.. = µ + Bj + C .(. j) + ε̄.(. j.), then
©
Ȳ. j..

ª ∼ uncorr (µ+Bj, σ
2
C/IK + σ2/IKL),
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so Example 3 applies:

E [MSB] = IKL
JX
j=1

E
h¡
Ȳ. j.. − Ȳ....

¢2i
/ (J − 1)

= IKL
¡
σ2C/IK + σ2/IKL+Q [B]

¢
= σ2 + Lσ2C + IKLQ [B] .

Example 8 Find E (MSAB).

Solution. We show three approaches here. First, we show and then use the
well-known relation

SSAB = SSA+B+AB − SSA − SSB.

Using poor but obvious notation, write Ȳij.. as Ȳij, Ȳ.... as Ȳ etc., for brevity. Then

SSAB = KL
X
ij

¡
Ȳij − Ȳi. − Ȳ.j + Ȳ

¢2
(5)

= KL
X
ij

¡
Ȳij −

¡
Ȳ + Ȳi. − Ȳ + Ȳ.j − Ȳ

¢¢2
= KL

X
ij

¡¡
Ȳij − Ȳ

¢− ¡Ȳi. − Ȳ
¢− ¡Ȳ.j − Ȳ

¢¢2
(6)

= KL
X
ij

¡
Ȳij − Ȳ

¢2 − JKL
X
i

¡
Ȳi. − Ȳ

¢2 − IKL
X
j

¡
Ȳ.j − Ȳ

¢2
= SSA+B+AB − SSA − SSB.

(Certain cross-product sums in (6) are zero and others simplify.) Treat each of the
three SS’s separately. For the first,©

Ȳi j
ª ∼ uncorr

¡
µ+Ai +Bj +ABij, σ

2
C/K + σ2/KL

¢
,

so s2ij ≡
P

ij

¡
Ȳij − Ȳ

¢2
/ (IJ − 1) has expectation

σ2C/K + σ2/KL+
X
ij

(Ai +Bj +ABij)
2 / (IJ − 1)

= σ2C/K + σ2/KL+ (J (I − 1)Q [A] + I (J − 1)Q [B] + dfQ [AB]) / (IJ − 1)
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where Q [AB] =
P

ij AB
2
ij/df and df ≡ (I − 1) (J − 1). The second and third values

are derived from the previous example. This results in an E [MSAB] of

E
£
s2ij
¤
(IJ − 1)KL/df − E [MSA] (I − 1) /df − E [MSB] (J − 1) /df

= σ2C(IJ − 1)L/df + σ2(IJ − 1)/df
+(J (I − 1)Q [A] + I (J − 1)Q [B] + dfQ [AB])KL/df

− ¡σ2 + Lσ2C + JKLQ [A]
¢
(I − 1) /df

− ¡σ2 + Lσ2C + IKLQ [B]
¢
(J − 1) /df

= σ2 + Lσ2C +KLQ [AB] .

We have once again avoided working with correlated random variables. However,
the elegance of the technique now is obscured by the algebra.
A second way to solve the problem is to use the model to rewrite the sums of

squares as

SSAB = KL
X
ij

¡
Ȳij −

¡
Ȳ + Ȳi. − Ȳ + Ȳ.j − Ȳ

¢¢2
= KL

X
ij

£
ABij +

¡
C̄.(ij) − C̄.(i.) − C̄.(.j) + C̄.(..)

¢
+ (7)

¡
ε̄.(ij.) − ε̄.(i..) − ε̄.(.j.) + ε̄.(...)

¢¤2
.

Regarding this as a sum of three sets of terms, the sums of the cross-product terms
disappear upon taken expectations. It is easy to show, using the expansion idea in
(5), that if {Xij} ∼ uncorr (µ, σ2) , i = 1, . . . , I, j = 1, . . . , J , that

E

ÃX
ij

¡
Xij − X̄i. − X̄.j + X̄..

¢2!

= E

ÃX
ij

¡
Xij − X̄..

¢2 − J
X
i

¡
X̄i. − X̄..

¢2 − I
X
j

¡
X̄.j − X̄..

¢2!
= (IJ − 1)σ2 − (I − 1)σ2 − (J − 1)σ2
= (I − 1) (J − 1)σ2.

Applying this to the MS version of (7) yields

E (MSAB) = KL
¡
Q [AB] + σ2C/K + σ2/KL

¢
,

as before. This is a bit more direct but still not very satisfying.
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The third approach, which is most strongly in the spirit of APD and which pro-
vides the most insight into the problem, involves extending the APD idea to two-way
sets of numbers. Consider data {Xij, i = 1, . . . , I, j = 1, . . . , J}. The two-way APD
identity is X

i

X
j

¡
Xij − X̄i. − X̄.j + X̄..

¢2
=

1

4IJ

X
i

X
j

X
i0

X
j0
[(Xij −Xij0)− (Xi0j −Xi0j0)]

2 ,

where i and i0 range from 1 to I and j and j0 range from 1 to J . (Note that the
differences of the differences, (Xij −Xij0)−(Xi0j −Xi0j0), are precisely how one would
calculate a two-factor interaction if the first factor occured at levels i and i

0
and the

second at levels j and j
0
). To prove this identity, replace Xij in the second line by the

group Gij = Xij − X̄i. − X̄.j + X̄.., with similar replacements for Xij0, Xi0j, and Xi0j0.
Note that (Gij −Gij0) − (Gi0j −Gi0j0) = (Xij −Xij0) − (Xi0j −Xi0j0). An expansion
of (Gij −Gij0 −Gi0j +Gi0j0)

2 shows that the cross products terms disappear in the
summation. Because, e.g.,

P
i

P
j

P
i0
P

j0 G
2
ij = IJ

P
i

P
j G

2
ij, the proof is complete.

Now, returning to the original example, let Hij = ABij + C̄.(ij) + ε̄.(ij.). Then

SSAB = KL
X
ij

¡
Ȳij −

¡
Ȳ + Ȳi. − Ȳ + Ȳ.j − Ȳ

¢¢2
= KL

1

4IJ

X
i

X
j

X
i0

X
j0

£¡
Ȳij − Ȳij0

¢− ¡Ȳi0j − Ȳi0j0
¢¤2

= KL
1

4IJ

X
i

X
j

X
i0

X
j0
[(Hij −Hij0)− (Hi0j −Hi0j0)]

2

= KL
1

4IJ

X
i

X
j

X
i0

X
j0

¡
[(ABij −ABij0)− (ABi0j −ABi0j0)]

2

+
£¡
C̄.(ij) − C̄.(ij0)

¢− ¡C̄.(i0j) − C̄.(i0j0)
¢¤2

+
£¡
ε̄.(ij.) − ε̄.(ij0.)

¢− ¡ε̄.(i0j.) − ε̄.(i0j0.)
¢¤2´

,

where the last equality holds because the cross-product terms disappear in the sum-
mation.
Note that any squared group equals 0 if i = i0 or j = j0. For a fixed value of i and

j, there are I + J − 1 such terms, so there are IJ − I − J + 1 = (I − 1) (J − 1)
remaining terms. Because of this, the first group in this last equality is simply
KL (I − 1) (J − 1)Q [AB].
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When we take expectations of the second group, for a fixed value of i and j, there
are once again I + J − 1 such 0 terms. For each of the remaining IJ − I − J + 1 =
(I − 1) (J − 1) terms

E
³£¡

C̄.(ij) − C̄.(ij0)
¢− ¡C̄.(i0j) − C̄.(i0j0)

¢¤2´
= 4Var

¡
C̄.(ij)

¢
= 4σ2C /K.

So, the sum over i and j isKL 1
4IJ

P
i

P
j (I − 1) (J − 1) 4σ2C /K = L (I − 1) (J − 1)σ2C .

Similarly, the last group’s expectation is (I − 1) (J − 1)σ2 , so

E (MSAB) = KLQ [AB] + Lσ2C + σ2.

This proof shows more clearly (1) how the interaction term really consists of the more
intuitive “differences of differences,” (2) where the (I − 1) (J − 1) term arises, and
(3) how terms such as “K” arise in the expectation.
This can be extended to higher-order interactions. For example, the summation

part of the SS associated with a three-way interaction is 1/8 of the sum of the
“differences of differences of differences.”

5 Unrestricted and Restricted Forms of ANOVA Models

The APD method also leads to insight into different so-called forms of ANOVA mod-
els, where the forms are restricted and unrestricted. See, e.g., Lorenzen and Anderson
(1993). Consider a model with two crossed factors, say machines {Ai} and operators
{Bj}. Assume that the machine factor is fixed, but the operator factor is random.
Suppose that each of the IJ machine/operator combinations measures a random se-
lection of K parts, in a random order. Then the natural ANOVA model is

Yijk = µ+Ai +Bj +ABij + εk(ij), (8)

with
P

Ai = 0, Var (Bj) = σ2B. But what should be said about the {ABij}? In the
unrestricted form of the model, the {ABij} are fully uncorrelated with each other and
have Var (ABij) = σ2AB.

Example 9 In the unrestricted form of the model (8), find E (MSB).

Solution. For the model (8), MSB = IK
PJ

j=1

¡
Ȳ. j. − Ȳ...

¢2
/ (J − 1). Because

Ȳ. j. = µ + Bj + AB. j + ε̄.(. j), then
©
Ȳ. j.
ª ∼ uncorr (µ, σ2B + σ2AB/I + σ2/IK), so
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Example 1 applies:

E [MSB] = IK
JX
j=1

E
h¡
Ȳ. j. − Ȳ...

¢2i
/ (J − 1)

= IK
¡
σ2B + σ2AB/I + σ2/IK

¢
= IKσ2B +Kσ2AB + σ2.

In the restricted form of the model, the nature of the {ABij} changes. We now
require that the {ABij} sum to zero for every level of the random factor:

Pa
i=1ABij =

0 for each j. This may be a reasonable restriction, because it can be considered as
forcing the fixed effects (of machines) to sum to zero for each level of the random factor
(operator). Mathematically, this is equivalent to re-labeling ABij in the unrestricted
form of (8) as AB0

ij and defining ABij in the restricted form of (8) as ABij = AB0
ij −

AB
0
. j (and see Schwarz (1993)).

Example 10 In the restricted form of the model (8), find E (MSB).

Solution. Again, MSB = IK
PJ

j=1

¡
Ȳ. j. − Ȳ...

¢2
/ (J − 1). However, now Ȳ. j. =

µ+Bj +AB. j + ε̄.(. j) = µ+Bj + ε̄.(. j), so
©
Ȳ. j.
ª ∼ uncorr (µ, σ2B + σ2/IK), yielding:

E [MSB] = IK
JX
j=1

E
h¡
Ȳ. j. − Ȳ...

¢2i
/ (J − 1)

= IK
¡
σ2B + σ2/IK

¢
= IKσ2B + σ2.

There appears to be no consensus as to which form of the model is more reasonable.
For an idea at some issues that need to be considered, see McLean, Sanders, and
Stroup (1991).

6 APD to find Var (s2)

The APD method can also be used to find more complex expressions. We show here
how to find Var (s2). The solution requires a bit of effort, but its straightforward
nature typifies the APD method.
Let X1, X2, . . . , Xn be i.i.d. random variables with a finite fourth moment. With-

out loss of generality, let E (Xi) = 0. Let Var (Xi) = E (X
2
i ) = σ2 and E (X4

i ) = µ4.

12



# terms ij with Name Expectation
n ii or jj or i0i0 Zero 0
2 ij or ji Direct 2µ4 + 6σ

4

4 (n− 2) ij0, i0j, ji0, or j0i Indirect µ4 + 3σ
4

(n− 2) (n− 3) i0j0 Independent 4σ4

Table 1: Terms in Summation of s4

Then Var (s2) = E (s4)− (E (s2))2 = E(s4)− σ4. To find E (s4), we use (2) to write

16

µ
n

2

¶2
s4 =

"
nX

j=1

nX
i=1

(Xi −Xj)
2

#2
. (9)

Before simplifying, the sum in the brackets has n2 terms–we will call this the inner
sum–and squaring this produces n4 terms–the outer sum–of the form (Xa −Xb)

2 (Xc −Xd)
2.

Some terms are 0, and others include either statistically independent or dependent
cross-product parts. To understand this in the general case, represent (Xi −Xj)

2 as
ij. Then all n2 terms in the inner sum can be written as a n× n matrix, as shown in
(10) for the case n = 5. (The bolded and italicized terms will be explained shortly.)

M =


11 12 13 14 15
21 22 23 24 25
31 32 33 34 35
41 42 43 44 45
51 52 53 54 55

 . (10)

Then (9) can be found by multiplying each of the n2 cells in the matrix by each
of the n2 cells in the same matrix and summing the result. This can be written as
10 (M⊗M)1, where 1 is an n4×1 vector of 1’s and ⊗ is the Kronecker product. But
we will solve this in a direct fashion.
There are n diagonal elements in M, each of which contribute nothing to the

outer sum. So n (n2) = n3 terms in the outer sum are 0. Now consider an off-
diagonal element of M, say ij = 12. There are n2 − n such elements. Let i0 (or j0)
denote a generic value of the index that is equal to neither i nor j. So here, i0 =3,
4, or 5, and similarly for j0. Each such ij will be involved in n2 terms in the outer
sum, and these terms in turn can be subdivided as shown in the first three columns
of Table 1.
To continue the example with ij = 12, consider the matrix in (10) with respect

to Table 1. There are five Zero terms (diagonals, 11 through 55), two Direct ones
(12 and 21), twelve Indirect ones, italicized, and six Independent ones, bolded. By
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expanding the terms, it is straightforward to find the expected value for each term–
these results appear in the last column of Table 1. By adding up all these terms for
a particular ij, multiplying by n (n− 1) (the number of such ij combinations), and
simplifying, we have

E
¡
s4
¢
=

n (n− 1) (4 (n− 1)µ4 + 4 (n2 − 2n+ 3)σ4)
16
¡
n
2

¢2
=

µ4
n
+

n2 − 2n+ 3
n (n− 1) σ4

so

Var
¡
s2
¢
=

µ4
n
+

n2 − 2n+ 3
n (n− 1) σ4 − σ4

=
µ4
n
+

3− n

n (n− 1)σ
4.

If we define the coefficient of kurtosis to be γ2 = µ4/σ
4 − 3, we can rewrite this as

Var
¡
s2
¢
= σ4

µ
γ2
n
+

2

n− 1
¶
,

a result that appears, but is not derived, in Scheffé (1959, p. 83).
The results for the more general case, where Var (Xi) = σ2i and E (X

4
i ) = µ4i, can

also be found. For example, with the APD approach above, it is easy to show that the
expectations in Table 1 respectively become 0, µ4i+µ4j +6σ

2
iσ
2
j , µ4i+σ2iσ

2
j +σ2iσ

2
j0 +

σ2jσ
2
j0 (for ij with ij

0), and
¡
σ2i + σ2j

¢ ¡
σ2i0 + σ2j0

¢
. Because the elements of these terms

are either of the form µ4i or σ
2
iσ
2
j (j 6= i), the linearity and symmetry of the formula

lead to a solution of
Var

¡
s2
¢
=

µ4.
n
+

3− n

n (n− 1)
³
σ2.

´2
,

where µ4. =
P

µ4i/n and σ2. =
P

σ2i /n.
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