PHYSICAL REVIEW A 110, 053514 (2024)

Sensing atomic superfluid rotation beyond the standard quantum limit
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Atomic superfluids formed using Bose-Einstein condensates (BECs) in a ring trap are currently investigated in
the context of superfluid hydrodynamics, quantum sensing, and matter-wave interferometry. The characterization
of the rotational properties of such superfluids is important, but can presently only be performed by using optical
absorption imaging, which completely destroys the condensate. Recent studies have proposed coupling the ring
BEC to optical cavity modes carrying orbital angular momentum to make minimally destructive measurements of
the condensate rotation. The sensitivity of these proposals, however, is bounded below by the standard quantum
limit set by the combination of laser shot noise and radiation pressure noise. In this work we provide a theoretical
framework that exploits the fact that the interaction between the scattered modes of the condensate and the
light reduces to effective optomechanical equations of motion. We present a detailed theoretical analysis to
demonstrate that the use of squeezed light and backaction evasion techniques allows the angular momentum
of the condensate to be sensed with noise well below the standard quantum limit. Our proposal is relevant to

atomtronics, quantum sensing, and quantum information.
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I. INTRODUCTION

Quantum sensing with highly controllable ultracold atoms
[1,2] is an actively developing field that provides new path-
ways to investigate foundational aspects of modern physics
such as precise measurements of theoretically predicted fun-
damental constants [3,4] and ultraprecise tracking of time
[5,6]. In recent years, there has been growing interest in
the use of atomic superfluids such as Bose-Einstein con-
densates (BECs) confined inside a toroidal or ring trap for
sensing [7-9]. Such configurations have been built using
magnetic traps [10], time-averaged adiabatic potentials [11],
painted dipole potentials [12], and intersecting “sheet” and
“tube” laser beams [13]. Besides sensing, several fundamental
[14-16] and technologically relevant properties have been
demonstrated ranging from persistent currents [10,13] and
quantum phase slips [17,18] to atomic analogs of supercon-
ducting quantum interference devices [12] and atomtronic
circuits [19,20].

While investigating and harnessing the rotation of atomic
superfluids are of intrinsic interest to researchers, capturing
information about these rotational properties can be chal-
lenging. For instance, existing experimental approaches for
probing the BEC angular momentum in ring traps completely
destroy the condensate and as such do not allow for con-
tinuous observation [7,10,13,17,21,22]. Nondestructive study
of (simply connected, i.e., harmonically trapped) condensates
[23] captures the density profile and not the phase (or, more
rigorously, the phase gradient) of the rotating states, which is
necessary for estimating the angular momentum or winding
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number of the BECs. In fact, these methods rely on vortex
precession for such measurements, which is not accessible
while studying superfluids trapped in toroidal or ring traps,
where the vortex is pinned, i.e., fixed in position, by the
potential.

More sophisticated techniques involving ring traps involve
detecting the Doppler shift in phonon modes generated in the
condensate [24] or using an integrated atomic circuit, where
information about the ring condensate is captured by studying
the dynamics inside a tunnel-coupled rectilinear guide [25].
Recent studies [26-28] have proposed the use of quantum
sensing techniques based on cavity optomechanics [29] to
detect the rotational properties of superfluids in ring traps.
The approach relies on the creation of sidemode excitations of
the condensate due to interaction of the atoms with the orbital
angular momentum (OAM) of the light [30] injected inside the
cavity. While the above proposal allows for improvement in
rotational sensitivity by a few orders of magnitude over other
known techniques, it is still impacted by the noise imparted by
the measurement setup, which restricts it to within the bounds
of the standard quantum limit (SQL) [29,31].

In this work, we draw upon more powerful machinery
from the toolbox of quantum optomechanics to study atomic
superfluids inside a ring trap and show how to achieve rota-
tional sensing of the condensate beyond the SQL. We consider
a setup similar to that in Ref. [26], where the cavity is
driven with a superposition of light beams with OAM +/7, as
shown in Fig. 1, thus giving rise to effective optomechanical
interactions between the two sidemodes of the condensate and
the optical mode. Additionally, the effect of atomic collisions

©2024 American Physical Society
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FIG. 1. BEC in a toroidal ring trap inside an optical cavity.
Superposed laser beams carrying OAM =+ [/ (blue corkscrew wave
front and orange lines) are injected inside the cavity (blue lines). This
creates an angular optical lattice (green regions) inside the ring trap
(cyan toroidal shape) which contains the BEC. The input light is
squeezed and shone from the bottom, while the output light after
interaction is gathered from the top for homodyne detection and
rotational sensing.

in the condensate is also taken into account in the system
dynamics.

There are three primary active noise sources in such sys-
tems [29] that one actively seeks to mitigate. The first is the
shot noise associated with light, the second is the effect of
radiation pressure created by the act of measurement, which
is also known as measurement backaction noise [32-34], and
the third source is the thermal and quantum fluctuations of the
excited modes of the condensate. Using phase-squeezed light
as input [35,36], the noise can be significantly lowered, espe-
cially at low input powers where the shot noise is dominant,
thus achieving significantly higher sensitivity in detecting ro-
tational properties of BECs in a toroidal trap. However, using
squeezed light alone is not sufficient to overcome the radia-
tion pressure or backaction noise, which prevents the noise
spectrum from going below the SQL. To overcome this, so-
phisticated quantum nondemolition measurement techniques
are often required [37—44], which can mitigate the effect of
measurement backaction. In this work, we consider a quantum
nondemolition method based on backaction evasion (BAE)
measurements in a hybrid system [45,46], consisting of the
two BEC sidemodes and the optical cavity field.

For the condensate in a ring trap, the BAE measurement
approach is based on driving the cavity with two off-resonant
optical fields [47]. The key idea here is for the cavity
mode to couple dynamically to only one pair of collective
quadratures of the two condensate modes, which are then
measured. However, the measurement backaction only drives
the conjugate set of quadratures, which do not affect the
dynamics. Going beyond the conventional analysis [47], we
adopt a Floquet-theory-based approach to obtain the steady
states of an optomechanical system using a bichromatic drive.
However, unlike the previous studies [48—50], we consider a
hybrid system consisting of two sidemodes of the condensate
and the optical cavity and extend the formalism to work in the

bad cavity regime. The time-dependent equations of motion
are solved beyond the rotating-wave approximation, where
counterrotating terms are present. Using such a BAE method,
we find that nondemolition measurements of the scattered
modes can be performed with the noise spectrum going below
the SQL. Importantly, we show that by combining the BAE
scheme with phase-squeezed input light [51] in the cavity, the
angular momentum of the condensate can be measured with
high sensitivity and noise below the SQL even at higher input
powers.

The paper is arranged as follows. In Sec. II, the physical
setup of a BEC confined in a toroidal trap, placed inside a
cavity, is presented. This is followed by Sec. III, where the
theoretical framework for rotational sensing using squeezed
OAM-carrying modes is presented. In Sec. IV, the backaction
evasion method using a bichromatic driving field is introduced
in the context of rotational sensing, with derivation of the
equations of motion beyond the rotating-wave approximation.
A summary and conclusions are presented in Sec. V.

II. MODEL

The primary setup consists of a BEC or an atomic super-
fluid of N atoms, each of mass m, confined in a ring trap
[10-13], which is then placed at the center of an optical cavity,
as shown in Fig. 1. The condensate is trapped using an axial
harmonic potential %ma)zz2 in the vertical z direction and an
annular ring trap with radius R in the x-y plane, with the
radial potential %mw,(r — R)?. For such a trap, the dynamics
of the condensate can be limited to a single dimension, i.e.,
the unhindered azimuthal motion in the ¢ direction of the ring
trap [26,52].

For sensing the BEC rotation, a laser beam of frequency
w is diffracted and recombined to form a superposed pair of
beams with optical angular momenta £// [53]. The cavity
with resonant frequency w, and containing the trapped BEC
is then coherently driven by these OAM beams. Importantly,
such a driving leads to the formation of an optical lattice
around the axis of the cavity in the azimuthal direction (see
Fig. 1). If the condensate rotating inside the cavity has a
winding number L, a small number of atoms will experience
first-order Bragg scattering from the optical lattice [54] and
attain the final winding numbers L+ = L, & 2/, respectively.
For a weak lattice [26], the number of atoms undergoing
higher-order scattering will be negligible compared to the
number of atoms contained in the zeroth (unscattered) and
first-order scattering sidemodes. We note that even the first-
order scattered sidemodes contain a very small fraction of
the total number of atoms in the condensate. As such, the
sidemodes have a negligible chemical potential and the tem-
perature is not significantly affected due to scattering. This is
in contrast to cases where splitting of the BEC occurs to form
new condensed modes [55].

The condensate is represented by atomic operators ©(¢),
where the angle g is the azimuthal degree of freedom. Follow-
ing the scattering picture presented above, the atomic operator
can be represented in terms of the persistent current (C) and
the first-order sidemodes (C4.) such that

eilo? eile

C+ C, + C_,
V21 V21 * N2

eiL,(a

P(p) =

(D
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where the total number of atoms in terms of the bosonic
operators is CTC + C.C; + c'c_=N. Assuming that the
sidemodes are sparsely occupied and taking a mean-field ap-
proximation for the macroscopic C mode such that C'C ~
C*C = N, one can define the operators ¢ = C*Cy/+/N and
d = C*C_/+/N. The Hamiltonian of the system, using the
above operators and written in the frame rotating with the
driving frequency, reduces to [26]

H/h = Ad'a+ oc'c + w4d’d + Ga'a(X, + Xy)
—in(a—ad")+ gz, )

where w. @) = (L, & 20)?h/21 (I is the moment of inertia
of each atom about the center of the ring) and a' and a
are the creation and annihilation operators, respectively, of
the optical cavity field. The term A denotes the effective
detuning between the driving and cavity frequency. The field
injected in the cavity is a single-mode superposition of fre-
quency degenerate OAM light | + [) + €°| — [ i), where the
relative phase ¢y can be fixed by the experimentalist. The
light intensity in the corresponding optical lattice varies as
cos?(lg — ¢p/2), where ¢ is the azimuthal degree of free-
dom. The scattering with atoms in the BEC only transforms
| £1h) — | F LK), and the optical lattice remains unchanged.
This implies no new optical modes are populated. In this work
we consider ¢y = 0, which gives us a symmetric superposition
of | & [h) (see Appendix A for further details). The displace-
ment operators of the atomic sidemodes are given by X, =
(c +c¢")/v/2 and X; = (d + d)/~/2, where the effective op-
tomechanical interaction between the displacement X, (4) and
the optical lattice is given by G. In addition, 7 is the driving
amplitude of the input beam. The final term gZ represents
the effect of collisions between atoms in the BEC, where g
is the interaction between any two atoms. The term G and
operator Z are derived in Ref. [26], with G = gi\/N / ZﬁAa,
where g, is the coupling strength of a photon with a single
atom and A, is the detuning of the input beam with the atomic
transition level; Z contains collision operators up to order N,
which significantly contributes to the dynamics.

III. ROTATIONAL SENSING USING SQUEEZED LIGHT

The few-mode effective Hamiltonian in Eq. (2) describes
the system consisting of the condensate with a winding num-
ber L, and interacting with the optical field carrying OAM
+1h. The dynamics of the system can be written in the form
of the quantum Langevin equations [29,56]. They can be
obtained by writing the Heisenberg equations of motion for
the cavity and the sidemode operators. Below we express the
equations in terms of only the cavity and position quadrature
of sidemodes, which resemble a pair of damped oscillators,
driven by photons and stochastic noise operators,

X+ yXe + QX = —o.Ga'a — AXy + wecin. (3)
Xd + )/Xd + QLZJXd = —c?)dGaTa + AX, + wi€qin, 4)

a={i[A = G(Xc + Xl — «/2}a+n + Vkan,  (5)

where ©? @ = @)+ 4gN)> — 4¢’N? and A = 2gN(w. —
wy) are the modified sidemode frequencies and coupling

between them, respectively. The contributions from the inter-
atomic collisions with strength g arise from the operator Z
in Eq. (2) [26]. The damping and cavity loss rates are given
by y and «, respectively, and the shifted frequencies @, 4) =
e (ay + 2gN. The driving term n = /Pink /hiw,, where Pi,
is the input laser power and €. (4),in and a;, are the input noise
operators that take into account the thermal and quantum noise
in the atomic sidemodes and the cavity modes, respectively.

In the Langevin formalism [29,56], the noise enters the
equations in the form of correlation functions, where the mean
fluctuations are zero, i.e., (€. (4),in) = (ain) = 0. We introduce
squeezing in the optical modes using the input-output formal-
ism, which allows for modeling quantum fluctuations injected
into the cavity, in addition to any laser-driven coherent state.
As such, squeezed vacuum fluctuations a;, are added on top
of the coherent cavity state a, which can be experimentally
realized using a combination of beam splitters and an optical
parametric oscillator [57,58]. Now if the input cavity mode is
squeezed, the general correlations of the noise operators are
given by [29,36],

(Oin(@)Qin(@)) = 2N, + 1+ M, + M)mé(w + ),
(Pn(@)Pn(0)) = 2N, + 1 — (M, + M)]né(w + o),
(Qin(@)Pn(0)) = i[1 + (M — M)nd(w + o),
(Pin(@0)Oin(@")) = i[—1 + (M} — M)78(0 + &),

)
)
)
)

(€k.in(@)€r,in(0")) = B |:COth ( Zwl} > + 1i|5(60 + '), (6)

2kpTy

where Qi, = (ain + a;fn)/\/i and P, = i(a;fn — ain)/«/f are
the quadrature operators of the incident light. Here B; =
2ryw/wy and Tj is the temperature of the BEC, where k =
{c,d}. The N, and M, are related to squeezing parameters r
and 0 and are given by

N, = sinh® r 4+ N,(w,)(sinh? r + cosh? r), (7)

M, = ¢“ sinh r cosh r[2N,(w,) + 1], (8)

where N,(w,) is the number of thermal photons, which we
have neglected as the cavity frequency is in the optical regime.
Moreover, in the absence of squeezing, the terms N, and M,
are identically zero, and the optical noise correlations reduce
to (ain(w)a; (")) = 278(w + ).

For sensing the winding number L, of the BEC inside the
ring trap, the central idea is to detect the phase quadrature of
the cavity output field, which contains the two frequencies 2,
and Q; [26]. A heuristic reading of Egs. (3) and (4) in the
absence of any noise and negligible radiation pressure shows
that the sideband mode displacements X, and X, oscillate at
frequencies €2, and €2,, which in turn governs the optical
field in Eq. (5), as the field operator a is coupled to the
two sideband modes. A homodyne detection of the output
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optical phase quadrature Py, (w) should therefore give a
spectral density S(w), which peaks at €2, and €2;. Now if
4¢’N? < (w. @) +4gN)?, the spectral peaks are given by
Q¢ (@) X Wc (@) + Awcon, Where Aweon = 28N (2 — gN/wea)).
As such, by measuring the gap between the spectral peaks
Q. — Qg =w. —wq =4L,lh/I, where | and I are already
known, and the winding number L, of the BEC can be es-
timated. The objective now is to find the optimal conditions
such that measurement of the output spectrum can be per-
formed with minimal noise and high sensitivity. To achieve
this, the equations of motion need to be solved to obtain the
spectral density of the output optical field.

The steady-state solutions of Egs. (3)—(5) are given
by X 4 = —@c @)Gla*|?/Q 4 — AX] , and @’ = —n/a,
where o = i[A — G(X} + X))] — «/2. These solutions ex-
hibit bistability, and for studying the spectral distribution and
noise sensitivity, it is preferable to work in the monostable
regime [26]. A linear-response analysis can then be performed
around monostable steady states such that the system opera-
tors can be written as K = K* + §K, where K = {a, X., X;}.
Moreover, the analysis can be carried out in the frequency
domain by taking Fourier transforms. Linearizing around the
steady state, the relations in Egs. (3)-(5) can be rewritten
in frequency space as Fdu = Du;,, where the matrix F is
given by

X! A 0 0
Fo —A Xu_l V2Ga, ~/2Ga; ©)
| V2Ga, 0. 0O X! A I
V2Ga,og 0 —-A x;

8“ = [5Q7 8P7 8XL‘7 SXd]T and Uin = [Qin’ Pin’ 6L',ina Ed,in]T are
vectors containing the fluctuation and input noise opera-
tors, respectively, such that §Q = (da + 8a7)/«/§ and P =
i(8a" — 8a)/~/2,and D = diag[/k, \/k, w., wy] is a diagonal
matrix with the system loss rates as elements. In addition,
Xa’l(a)) =k/2—iw and Xc_(ld)(a)) = Qf(d) —iwy — w* are
susceptibility functions. The above matrix equation can be in-
verted to obtain the required analytic and numerical solutions
for §P(w) and §Q(w). Now using the input-output formal-
ism [46,59], the output optical quadrature can be found from
the relation § Koy (w) = +/k8K (w) — 8Kin(w) for K = {Q, P}.
Note that the prefix § in front of input and output terms is
dropped henceforth, for compactness. The analytical expres-
sions for these coefficients are provided in Appendix B.

To obtain the noise spectral density of the output quadra-
ture, one needs to cause the interference of the cavity output
with a local oscillator to perform homodyne detection. The
injected laser itself can serve as the local oscillator which is
combined with the output signal. This allows for the extraction
of the phase-rotated optical quadrature where the rotation an-
gle ¢ can be tuned by adjusting a constant phase shift between
the two signals. We define a generalized quadrature Qf,’ut(w) at

¢ and its spectral density S"QUt (w) as

b, 0

09,(®) = Qou(©) 08 ¢ + Pouy () sin (10)

1 oo
Sgh 00(@) = 5 /_ do/(Q0, (@) Q@) (1)

o]

By varying the spectral density over different phase angles, we
note that ¢ = /2 is optimal for maximum detection for an
unsqueezed input beam, i.e., Qfm(a)) = Poyt(w). The optimal
spectral density is then given by

Spip(w) = ApApxoo + BrBpxrp + ApBp xop
+ BpApxpo + CpCpxcc + DpDp XpD»

1 00
Xxy = 5— / do (Xin(@)Yin (), (12)
T J-co

where Xi,, Yin € {QOin, P, €., €4}. The calculations for the
detection angle ¢ that optimize the noise spectrum and sensi-
tivity under different conditions are provided in Appendix C.

The second important figure of merit is the sensitivity
with which the spectral density and therefore the rotational
properties of the BEC can be measured. This is defined as
[26,60]

S(w)

W\/ Imeass Sopt = ¢ (@ = Wopt), (13)

{(w) =
where tiess ~ K/ 8af,G2 is the measurement time in the bad
cavity regime [29] and w satisfies ((f:—i)wzwopl = 0. The opti-
mal sensitivity {yp corresponds to the minima of the function
¢ (w) at frequency wqp. The motive here is to find an op-
timal frequency where the change in the spectrum S(w) is
maximum, which is often relevant in experimental implemen-
tations using a lock-in detection scheme [60]. Moreover, S(w)
responds linearly with angular momentum A = L,/ at val-
ues of L, relevant to our analysis such that § (a))(%)*1 ~

S(a))(%)", which is useful for numerical estimation of
sensitivity.

Figure 2 shows the variation of S;’J}‘,E(w) and ¢ (w) with
frequency w and studies the effect of introducing squeezed
input and atomic collisions in the condensate by solving
Egs. (3)—(5). The winding number of the input light and the
BEC are taken as [ =10 and L, = 1, respectively, which
results in peaks of the output spectrum at Q. 4)/27 at 569
and 695 Hz, respectively, without collisions and 624 and
750 Hz, respectively, with collisions, when gN = 14 Hz. The
optimal sensitivity {op also occurs at wope A €2, (4. The plots
in Fig. 2 show that the presence of interatomic interactions
g simply shifts the frequencies of the spectral peaks and also
the optimal sensitivity for both squeezed and unsqueezed light
(cf. [26]). However, for squeezed light with amplitude r = 2
and angle 6 = 7, the spectral density drops below the shot-
noise level, which indicates that the noise in the spectrum
can be lowered below the quantum limit. For detection angle
¢ = m /2 and squeezing angle 6 = m, the optimal sensitivity
Copt Of the measurement is not significantly enhanced over the
unsqueezed case.

To better understand the enhancement of measurement sen-
sitivity with squeezing, we look at Fig. 3, which shows the
variation of the factor o (0, 0)/Zop (7, €) with the squeezing
amplitude r and angle 6. For enhancement, the sensitivity with
squeezing should be lower compared to the unsqueezed case
and therefore the factor should be greater than unity. Notably,
Copt (0, 0)/Eopi(r, 8) = 1 for all values of r. The best enhance-
ment for input power Py, = 12.4 fW is observed for angles
0 = {27 /3, 4 /3} where a factor of 2 (3 dB) can be achieved,
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(a) 100 4

550 600 650 700 750
w/2m (Hz)

FIG. 2. Variation of spectral density and sensitivity with fre-
quency. (a) Output optical noise spectral density for unsqueezed (r =
0, blue solid line) and squeezed (r = 2 and 6 = 7, orange dashed
line) input, without interatomic collisions (g = 0). Cases with inter-
atomic interactions (g # 0) are indicated with a green dash-dotted
line for r = 0 and with a red dotted curve for » = 2 and 6 = 7. For
squeezing angle 6 = 7, the noise spectrum falls below the shot-noise
level (black dotted horizontal line). (b) Variation of sensitivity for
the same set of parameters as in (a). The input power Py, = 12.4
fW and the detection angle ¢ = 7 /2. The parameters N = 10%,
R =12 um, gN ~ 14 Hz, I /i = 0.0505 Hz, and G/27 = 7.5 kHz,
correspond primarily to a condensate of sodium atoms [26]. The
other parameters are w,/27w = 10° THz, w, /27 = w,/2mw = 42 Hz,
k/2m =2MHz,y/2nr =0.8Hz, A’ =0,T., = 200K,/ = 10, and
L,=1.

which saturates for r > 2. For § = 7, the enhancement factor

is close to unity and the sensitivity for squeezed light is similar

to those achieved using unsqueezed light, as seen in Fig. 2.

However, the enhancement with squeezing can be much larger

at lower values of P;,, up to a saturation value around 18 dB.
The optical spectral density Sp'(w) is given by

Sg}l}t)(w) = So + Srp =+ Sih + Sadd;

2.0
2.0
~
o 1.5 Py
£ <
=} 1.5 =
o
o
e 1.0 <
7&0 (@)
-5 : 1.0 %
o) jon)
5 Q
Z05 ~
0.5

0-0 T T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0

Squeezing angle 6/27

FIG. 3. Variation of the sensitivity enhancement factor between
unsqueezed and squeezed input, as a function of the squeezing am-
plitude r and angle 6. Here P;, = 12.4 fW. All the other parameters
are the same as in Fig. 2.

where

Son = Bp(wwp(—w)%, (14)

Sih = Cp(w)Cp(—w)xcc + Dp(w)Dp(—w) xpp, (15)

Sy, = all terms of O(G?). (16)

Note that the spectrum is normalized and the additional term
Sada 1s present only for squeezed input. Figure 4 shows the
variation of the spectral density Sp%(w) with input power
Pin, at the optimal frequency w = wop. The figure also shows
the contribution due to optical shot noise S5, and radiation
pressure Sy, (blue and orange solid lines, respectively). In the
absence of squeezing, the minimum of S (w) at temperature
T;..q = 20 nK and frequency wp gives us the minimum noise
Smin. This is achieved at optimal input power P2™, as shown in
Fig. 4 (black solid curve). Now if T, ; = 0, the noise Sy, can
be further lowered to ultimately achieve the standard quan-
tum limit Ssqr. Using squeezed input, with amplitude r = 2
and 6 = m, the output spectral density Sp’ can be lowered
significantly below the minimum noise, thus providing a clear
advantage over unsqueezed light for lower values of P;,. How-
ever, the minimal noise spectral density can only get close to
SQL but not below it, regardless of the value of r or 6. In fact,
for 6 = 0, the noise is higher than the minimum noise. This is
primarily due to the measurement backaction noise becoming
significant at higher powers. As such, using squeezing alone
in the input optical light with OAM, the noise cannot be
lowered beyond the SQL. To break the SQL one needs to
counter the backaction noise using quantum nondemolition
measurement [37,38], which can be achieved with or without
using squeezed light [39].

053514-5



RAHUL GUPTA et al. PHYSICAL REVIEW A 110, 053514 (2024)
10! significant impact on sensitivity. Moving to the driving frame,
a = e ! [a(e™™® + ") + 8a), where @ and a are the steady
state and fluctuations of the cavity field and § is the detuning.
The linearization of the operator a around a monostable steady
— state is shown in Appendix D. An effective Hamiltonian Heg
IF‘T 1004 is then obtained, which is given by
% Hett/Ti = (wm + Q)c'c + (o, — Q)d'd
& pofm=loN\CTITZAooooooo +2Gacos8t(X, + X,)(Sa" +8a).  (18)
10~ Smin Here Q2 = (w. — wg)/2 and § = w,, at resonance. In the frame
— = SsqL rotating with w,,, the atomic sideband modes oscillate with
; . frequencies €2, and the spectral response will show peaks at
10717 10715 10713 10~1 d P P P

Pin(W)

FIG. 4. Change in optimal output spectrum density at wop With
input power. The output spectrum density (black solid line) is mini-
mum at an optimal power PP, where the decreasing shot noise (blue
solid line) and increasing radiation pressure (orange solid line) inter-
sect. The spectrum density with squeezed input (brown dashed line)
with » = 2 breaks the minimum noise Sy, (light green dash-dotted
line) at squeezing angle 6 = m at lower input powers. For 6 = 0, the
spectrum density remains above this minimum noise. The spectrum
density remains above the standard quantum limit Ssqp, (dark green
dash-dotted line) for all squeezing values and input power. The other

parameters are the same as in Fig. 2.

IV. ROTATIONAL SENSING USING
BACKACTION EVASION

The measurement of a quantum system typically involves
its interaction with an additional detection or measuring de-
vice. During the measurement of an observable X of the
system, system-detector interactions can introduce noise in
the system via the variable conjugate to X, namely, ¥, which
adversely affects any future measurements of the observable.
This noise is called the measurement backaction noise and
was initially evaded by making an effective joint quadra-
ture measurement of the system [38,61,62]. This technique
enables the possibility of conducting the quantum nondemoli-
tion measurement [63], where measurement does not affect
the observed system. The use of backaction evasion was
used to overcome the SQL in optomechanics [64], with the
technique later being expanded for two-mode measurements
[65,66]. Further theoretical development has focused on BAE
schemes beyond the rotating-wave approximation (RWA) to
include the effect of counterrotating terms [48—50].

For backaction evasion, a bichromatic laser beam with two
frequencies ws = w, £ § is injected into the cavity [47] that
contains the BEC in aring trap, where 6 = w,, = (0. + wg)/2
is the average frequency of the two atomic sideband modes.
The optical fields oscillate with amplitudes .. The Hamilto-
nian is given by

H/h = waaTa + a)ccTc + a)dd+d + GaTa(Xc + Xy)
+ (asLe @ L ggt fOto LH ) (17)

where we have ignored the terms due to collisions as they
only cause a relative shift in the frequencies and have no

these frequencies. The winding number L, of the BEC in the
annular trap can be measured using the relation

q_ Q=@ _ ML+ 21> h(L, =21 2L,k

2 41 41

o

(19)
where I and [/ are assumed to be known.

The effect of BAE becomes clear under the RWA, where
the effective Hamiltonian reduces to a time-independent
Hamiltonian, as 2Ga cos(ét) = 2Ga, and under the transfor-
mation U = ei@n(c'e+d"d) can be written as (i = 1)

Hy = Q(c'c — d'd) 4+ 2Gacos 81(X, + Xy)(3a" + ba).

Now by transforming to a set of symmetric and antisymmet-
ric quadratures Xy = (X, = Xy)/ V2and Py = (P. £ P)) / V2,
we get

o= QX X_ 4 P.P_) + GX, 50, (20)

where G = 2+/2Ga, 8Q = (8a + 8a')/~/2, and 8P = i(8a’ —
8a)/~/2. The equation of motion of the system is then
given by

p .
8Q: —§8Q+\/;ans X:t :QP¥’ (21)
5P = —§8P + VP + v/2GaX, 5Q. (22

As shown in Fig. 5, measurement of the variable P is depen-
dent on X, but the measurement backaction on the conjugate
variable P, is decoupled from the dynamics of X, thus al-
lowing a perfect backaction evasion measurement.

Beyond the RWA, the decoupling of quadratures is not
necessarily perfect so as to allow quantum nondemolition
measurements, but can still significantly alleviate the effects
of backaction noise. The key step here is to solve the time-
dependent effective Hamiltonian derived in Eq. (18). Using
the input noise operators and losses from Sec. III, the quantum
Langevin equations for the BAE scheme can be written as [47]

. K
ba = —7da+ JKai + 2iGacos(8t)(X, + X;)(8a + sa),
(23)

X, @y = (@n £ Q2)*X. @) + 2Gacos(8t)(w, £ Q)
x(8a+8a") — yXe @) + (wm = Qe (@)in- (24)
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Conjugate

BEC Sidebands

FIG. 5. Schematic showing the BAE scheme. Measurement of
the cavity observable P requires information from the X, variable
of the BEC. The backaction of the measurement is transferred to
the conjugate variable P, , which is dynamically decoupled from the
subspace of X and P_. Therefore, P can be continuously measured
as the evolution of X, is unaffected by backaction.

In terms of the optical quadrature variables {Qi,, Py}, defined
in Eq. (6), Eq. (23) can be written as

5P = — gap + kP, + 4Gacos(5)5Q(X, + X,),

50 = — §6Q + kO (25)

To obtain the solution for the time-dependent equations of
motion beyond the RWA, we consider an approach [48,49]
based on the Floquet expansion of the dynamical variables.
The formalism is valid even in the bad cavity regime, i.e., for
. (@) K k, as the couplings are also small G < k. Applying
the Floquet expansion to each dynamical variable Z(t) as
Z(t) =Y Z™(t)e™, the variables can be transformed to
the frequency domain, by applying the Fourier transform of
the above equations. Equating the terms with ¢”*' and consid-
ering the noise terms to be stationary (n = 0), the expressions
for the quadratures fluctuations are obtained,

X (@ —n8)X" (w) = {Ga[sQ" " + 60" V(w)]
+ €cin(@)}(@n + Q), (26)
X (@ —n8)8Q™ (@) = =8, 0/kQin(@), (27

Xa (@ — n8)SP™ () = —8,08/k Pun(@) + Gav/2(X "~
F XD 4 x D 4 x (D) (28)

X (@ — n8)a"™ (w) = —8,0v/k an(®) — iGa(X" ™"
+ X0 £ XD XY), (29)

where Xt;,cl( 1) are the susceptibilities defined in Sec. III. Now
the expressions obtained by solving these are

SPO(w) = x2(0)V2G@k O () x(@ — 8)
+ Xe(@ + 8) + xa(@ — 8) + xa(w + 8)1, (30)

§PV (@) = Xa(® — §)Gav2k [ xe(@)(@n + Q) ()

c,in

+ xa (@) (0w — QL ()], 31)

5PV () = xal + 8)Gav2k [xe (@)@ + 2)©)

c,in

+ Xa(@)(@n — Q)L (@)], (32)

8PP (w) = V2x4(@ — 28)G?a@* Xu(@) [ xe(@ — 8)

+ xa(@ — IV O (w), (33)
SPD(w) = V2 (@ 4 28)GP@% yu (@) xe (@ + 8)
+ xa(@ + IV O (w), (34)
SPP(w) =0, sP(w) =0,
8Q"(@) = 8n.0v/k Xa(@)O (). 35)

Importantly, the fact that the input quantum and thermal
noise is stationary, i.e., only the zeroth Floquet mode (n = 0)
is nonzero, ensures that the series truncates at |n| = 3 for all
noise quadratures. From Eq. (27) note that § 0™ is nonzero
only for n = 0, which implies that modes in quadrature §X "
in Eq. (26) are n = 0, 1. Hence, the operators P and
a™ in Eqs. (28) and (29) have Floquet modes only for n =
0, =1, £2. As such, for stationary noise, the optical suscepti-
bilities for frequency w — né can at most add up to the second
harmonics (0, w £ §, and w % 2§), giving rise to a contribu-
tion from only a finite set of sideband modes. This reduces
the complexity in solving the problem and in fact allows
for exact solutions to be obtained for the noise quadrature
fluctuations. The nonzero Floquet components are then used
to calculate the zeroth-order spectral density, which represents
the average optical spectrum. The spectral response function
will allow us to directly estimate the rotational properties of
the BEC.

Now to obtain the output spectrum, the input-output for-
malism is again used. Let {A(w), B(w), C(w), D(w)} be the
frequency-dependent coefficients of the noise quadrature op-
erators Qin, P, €c.in, and €4 jp, respectively, in Egs. (30)—(35).
The expressions for these coefficients are shown in Ap-
pendix E. The homodyne detection angle is set at ¢ = /2,
as the noise spectrum is analyzed using the noise quadrature
Pout(w), which is given by

P2 (@) = A™(0)Qin(w) + B™(0)Qin(@)
+C(w)ecin(@) + D (w)egin.  (36)

The Fourier components of the spectrum [48] are given by the
expression

d /
S =" f %W’*(w+n8>A<'"—">(w’)>, (37)

where the time-averaged noise spectrum is captured by the
zeroth Fourier component (n = 0) of the above spectrum,
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given by
§O () = Z d—‘”,<A<">T (0 +nHA ™ (@)).  (38)
ATA - 27

Using Eqgs. (30)—(35) and the coefficients in Eq. (36), the
expression for the spectral density is

1
Spp(@) = S 1A (@ +28)A™ (—w — 20)xgo(® +25)

+ C (@ +8)C1 (@ — 8)xee(w +8)

+ DN (@ + 8)Di(— — 8) xaa(w + )

+ A% (@ — 28)A72(—w + 28) xpp (@ — 28)
+ CHw — 8)C_1(@ + 8) xee(w — 8)

+ D'(@ = 5D (— + 8) Xaa(w — 8)]

100 540 0 RO
+ E[A (w)A™ (=) xgo(w) + B (w)B"(—w)xpp

+ A%w)B(—w)xor + B (0)A’(—w)xpol,
(39)

where x; j(w) are the input noise correlations between i
and j modes such that i, j € {cin(@), din(®), Oin(w), Pn(w)}.
Figure 6(a) shows the output spectral function Sp%(w) for
different values of the input power Pi, = Py, with the peak
occurring at w = Q. The peak is directly related to the wind-
ing number L, of the BEC and is sharper for higher input
power imbalance. The measurement sensitivity is given by
¢ (w) defined in Eq. (13), where the optomechanical measure-
ment time is given by -1 (w) = |v2kGa/(—iw + Kk /2)[%.
This is defined as the absolute value of the rate at which

the output quadrature mode Pégl) changes with respect to the

mechanical fluctuations §X C(j([dl)). In Fig. 6(b) the sensitivity
¢ is varied with frequency w for different input powers P.
Similar to the squeezed input case, the maximum sensitivity
occurs at two points in the close vicinity of the spectral peak
Q. The optimal frequency wqp can then be used to precisely
sense the angular momentum of the rotating BEC inside the
cavity.

The sensitivity of the backaction evasion measurements
can be enhanced and the output noise lowered by adding
squeezing to the bichromatic drive [51]. As in Sec. III, in
this case the squeezing is introduced through the input noise
correlations, with amplitude r and angle 6. The enhancement
of sensitivity with squeezed light in the BAE method is shown
in Fig. 7 for different parameter regimes. In all cases, the
enhancement factor is the ratio of the optimal sensitivity
with and without squeezed light in the backaction evasion
approach, varied along with some other parameter such as
power or OAM of the input light.

For instance, in Fig. 7(a) the enhancement factor is
Zopt (0, 0)/Copt(r, 0), which shows the variation of enhance-
ment with 7 and 6. It is observed that 6 = 7 always generates
the maximum sensitivity and is thus fixed for all the other
plots. In Fig. 7(b) the variation of the enhancement factor
with the input power Pi, and squeezing amplitude r is shown.
At low squeezing, the sensitivity decreases with higher power
and the enhancement factor can increase by nearly two orders
of magnitude. Importantly, at high P;,, where the radiation

(@) 3.0 f — Pi—12fwW
il Pi =124 fW
2.5 HoTTT Pe=1246W

E‘ ...... Q/27T

G
~
3 201
5
(O/%

1.5' 1 ; \
/ S
// E \\\
(1 — —
N
=
=~
R
=
o0
] ~ R
o 10736 7 \\\ ///
\\\J}E‘ ///
o7 60 63 66 69
w/2m (Hz)

FIG. 6. Output noise spectrum and measurement sensitivity for
the BAE scheme. The plots are for different values of P, = P,
where P, = P_ is the same input power for the two driving fields
in the BAE scheme. (a) Output optical spectrum S;’;j’,‘,(w) for different
driving frequencies w, with a peak at frequency /2w = 63 Hz. The
plots have been scaled with the shot noise at different powers for
ease of viewing, with Sy, = 10, 1, 0.1 (in units of {\rm Hz}~") for
increasing power. (b) Variation in sensitivity with @, with minimal
sensitivity occurring at two optimal points g, in the vicinity of
the spectral peak. The detection angle is set at ¢ = 7 /2. The other
parameters are the same as in Fig. 2.

pressure noise is dominant, the effect of squeezing becomes
marginal. The variation of the enhancement factor with the
OAM number [/ of the input light is shown in Fig. 7(c),
where it is evident that enhancement is higher for larger
values of / and r. Finally, the enhancement in sensitivity
is shown to only marginally change for different values of
the angular momentum of the condensate L/, as shown in
Fig. 7(d).

The variation of the output noise spectral density S (w)
at the optimal frequency w = wqp; With the input power P,
is shown in Fig. 8. While the spectral density could only
be lowered below the minimum noise at temperature 7,4
using squeezed light (see Fig. 4), using the backaction eva-
sion method, the noise can be lowered well beyond the SQL.
This is achieved by significantly lowering the radiation pres-
sure noise through the backaction evasion method, which is
typically more prominent at higher input powers. In contrast,
at lower input powers, where the shot noise is more dominant,
the noise spectrum is not significantly lowered. However,
by introducing squeezing in the input bichromatic drive of
the BAE scheme, the shot-noise barrier can be broken and
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FIG. 7. Enhancement of optimal sensitivity in the BAE scheme using squeezed input light. The plot shows the enhancement as a function
of squeezing amplitude » and (a) squeezing angle 6, (b) relative input power Py, /Py, (c) OAM of the input light /7, and (d) the winding
number of the atomic condensate L,,. The input power Py, = Py = 12.4 fW and [ = 10, unless varied. All the other parameters are the same

as in Fig. 2.
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FIG. 8. Output spectrum with input power for the BAE scheme.
The output spectrum (black solid curve), due to the contributions
from shot noise (blue solid line), radiation pressure (orange solid
line), and thermal and quantum fluctuations, reaches the minimum
value Sy, (green dash-dotted line) at input power ;™. The spectrum
due to the backaction evasion scheme (red solid line) is significantly
lower than the standard quantum limit (light green dash-dotted line)
at higher input powers. For squeezed input in bichromatic BAE
driving, with r = 2 and 6 = 7, the spectrum can break the SQL even
at lower Py, (red dashed curve). All the other parameters are the same
as in Fig. 2.

noise beyond the SQL can be achieved even at lower input
powers.

An important result in the detection of rotational properties
of the BEC is the trade-off involved in achieving enhanced
sensitivity using squeezed light and, on the other hand, low-
ering the noise spectral density far beyond the SQL using
nondemolition measurements such as the backaction evasion
method. This is evident from the sensitivity enhancement for
the two different protocols, as observed in Fig. 9 for a wide
range of input powers Pi,. The enhancement is in compari-
son to the initial case where a monochromatic, unsqueezed
OAM beam is injected into the cavity and interacts with the
condensate. At lower input powers, where the shot noise is
dominant, the effect of using squeezing in the OAM of light
on the sensitivity of measurements is quite strong and an
enhancement of 18 dB can be observed. However, for input
powers above Py, = Py, there is no enhancement in sensitiv-
ity. The use of backaction evasion to lower the noise beyond
the SQL seems to have the opposite effect on measurement
sensitivity, especially at lower powers. The bichromatic drive
in the BAE method broadens the noise spectral density and
makes it significantly less sensitive. However, if squeezing
is added to the BAE scheme, sensitivity enhancement of 2—
3 dB is observed at low powers. Importantly, at Py, = Py
the sensitivity is as good as the non-BAE approaches, and
hence the noise can be lowered without negatively affecting
the sensitivity of the measurements. At powers above P;, ~ 1
pW, none of the approaches provide any enhancement over
the initial case.
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FIG. 9. Sensitivity and its enhancement for different values of
input power Pj,. (a) Sensitivity with (red solid line) and without
(black solid line) the BAE approach. The effect of squeezing in each
case is shown by the dashed line. (b) Enhancement in sensitivity due
to squeezed input alone (red dotted line), the BAE approach (blue
dash-dotted line), and BAE with additional squeezing (green solid
solid), in comparison to driving the cavity with only OAM light. For
all input / = 10 and for squeezed noise r =2 and 8 = m. All the
other parameters are the same as in Fig. 2.

V. CONCLUSION

In this work we have analyzed the measurement of the
rotation of an atomic BEC in a ring trap, such as its winding
number, using cavity modes carrying orbital angular mo-
mentum, in a minimally destructive manner. The interaction
between the sidemodes of the BEC and the light carrying
OAM reduces to a set of optomechanical equations of motion,
which typically allows for sensing of the angular momentum
close to the standard quantum limit.

By exploiting the theoretical framework of optomechanics,
we have shown that the quantum sensing of such rotational
properties can be significantly enhanced. The introduction of
squeezed light as input, and for optimal homodyne detection
angles, the sensitivity of detecting the spectral peaks of the
output light and therefore the angular momentum can be en-
hanced by a factor of 2-100 (approximately equal to 4-20 dB)
as compared to unsqueezed input. Notably, the higher en-
hancement occurs only at low input powers, where the shot
noise is dominant. Moreover, the optical quadrature noise, at
optimal frequencies w, is observed to go below the shot noise
and break the minimum noise level at temperature 7. ;, which

was hitherto the best that could have been achieved using
OAM light as input, without any squeezing.

The noise spectral density can be reduced below the SQL
by using backaction evasion methods to counter the radiation
pressure or measurement backaction noise at high input pow-
ers. This was achieved by using a bichromatic drive, which
yields a spectral peak at a frequency directly related to the
winding number of the BEC. Using an approach based on
Floquet theory to solve the time-dependent dynamics, the
output noise spectral density was calculated in the bad cavity
regime and beyond the rotating-wave approximation. It was
observed that the backaction evasion allowed the output noise
spectral density to be lowered beyond the standard quantum
limit, albeit at the cost of measurement sensitivity. However,
using squeezed light in the bichromatic drive of the back-
action evasion method, the overall measurement sensitivity
was improved, and at relevant input powers, the sensitivity
was restored to non-BAE levels with SQL being broken even
at lower input powers. Ultimately, the use of squeezing in
the BAE scheme allowed for very precise measurements of
rotational properties of the BEC, with noise well below the
standard quantum limit.

The framework introduced in the study is quite extensive
and can be applied to investigate other properties and phe-
nomena related to the study of atomic superfluids and its
interaction with nonclassical light. We expect our results to
be relevant to ongoing studies of superfluid hydrodynamics,
and the sensing and manipulation of rotating matter waves.
Of further interest is the role of ponderomotive squeezing
introduced in the scattered atomic sidemodes and the resulting
entanglement in the system. Moreover, full quantum solutions
in systems with low excitations can allow for applications that
are directly related to quantum technology such as generation
of entangled light, coherent transfer of information between
the collective states of light and matter, and implementation
of lower-power quantum devices.
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APPENDIX A: SCATTERING OF THE BEC WITH AN
OPTICAL LATTICE FORMED BY OAM BEAMS

As stated in Sec. II, the cavity is injected with a single-
mode symmetric superposition of OAM light given by
|+) = |+ Ih) + | — k) (with annihilation operator a). The
light-matter interaction varies azimuthally as approximately
cos?(lp)a’a. This changes the spatial mode of BEC from L,

053514-10



SENSING ATOMIC SUPERFLUID ROTATION BEYOND THE ...

PHYSICAL REVIEW A 110, 053514 (2024)

as follows:

cos*(1p)|L,) = (M)Lm,

2

1 1, »
=—|L,) + Z(eﬂ“’ +e )L,

1 1
= §|Lp) + Z(lL” +20) +|L, —21)). (Al)

[\

In the last line, we have used the fact that the exponential of
the angular displacement operator ¢ is the generator of angu-
lar momentum translations. Now the BEC order parameter in
the position representation is given by

1
(pILp)

O(p) ~ (¢| cos*(Ip)|L,) ~ 3

1
+ 7 UplLy +20) + {@lLp — 20)

e'lr? el Lpt2De + iLpy—2Dp
~ +
2 4
gin(p

~ T[l + cos(21¢)]. (A2)

The density is given by n(@) ~ |®(@)|> ~ [1 + cos(2l¢)]?,
which shows that only the cos(2/¢) and cos(4l¢) density
modes are populated by scattering from the |+) mode.

Importantly, sine density modes, which correspond to
light-matter interaction arising from antisymmetric superpo-
sition of OAM light |—) = | + [h) — | — [k), are not present
if only first-order Bragg scattering processes are considered.
In fact, since higher-order scattering terms involve repetitive
action of cos?(l¢) on the scattered states, these processes
also do not introduce sine mode density excitations. However,
interference between the persistent currents can introduce
sine modes. Nonetheless, these condensate excitations cannot
transfer photons out from the |4+) mode to any other optical
mode, since Bragg scattering involves stimulated emission,
which can repopulate only the |[+) mode [67]. Photons can
be scattered into modes other than |+) only via sponta-
neous emission. However, for the large light-atom detunings
considered in this work, spontaneous emission is negligible
[14,26]. Thus, we only consider the |+) optical mode in
our model.

APPENDIX B: COEFFICIENTS OF OUTPUT
QUADRATURES

To obtain the output optical quadrature §P(w) and §Q(w),
the equation F8u = Du;, needs to be solved, which requires
inverting the matrix F in Eq. (9). Solving the equation and
following the input-output formalism, the coefficients for the
quadratures are obtained,

Pou(w) = Ap(@)Qin(@) + Bp(@)Qin(w)

+ Cp(w)ec in(w) + Dp(w)€g in, (BD)
Oout(@) = Ag(0)Qin(@) + Bo(w) Py (@)
+ Co(w)ec,in(w) + Do(w)eq in, (B2)

where {Ap (0)» Bp (0)» Cp (0)» Dp (Q)} are the output opti-
cal quadrature coefficients for respective components of
{Oin, P, €, €4}. The coefficients satisfy Ap/Ap, = Cp/Cp =
Dp/Dj, Bg/By = Co/Cy = Dg/Djy = Vi, and Ag/A, =
Bp/Bp = \/k — 1, where

AY(@) = Xan/Vo(A XeXa + 1)/D(w), (B3)
By(w) = —Ax; JYo(A Xexa + 1)/D(@), (B4
Cp(@) = V2A'Gagx2 xew(Axa + 1)/D(w).  (B5)
Djy(0) = V20" Gayx; xawa(1 — Axe)/D(w),  (B6)

Ap(@) = (VYoxi{xc[2G*atdc(Axa + 1) + AN x4]

—2Ga; xa@a(Axe — D)+ A'}) /D(w),  (BT)
Bp(®) = Xa/Yo(A* xeXa + 1)/D(w), (B8)
Cp(@) = —v2Ga, xaxcw(Axa + 1)/D(w),  (BY)
Dp(@) = V2Gayxaxawa(Ax. — 1)/D(w),  (B10)

D(w) = Ay {xe[2C°aidc(Axa + 1) + A*Axd]
—2G2afxdc7)d(AXc - 1) + A/} + AZXCXd + L.
(B11)

APPENDIX C: OPTIMAL HOMODYNE DETECTION
ANGLE FOR THE NOISE SPECTRUM AND SENSITIVITY

For the homodyne detection, one can define generalized
quadratures with respect to an angle ¢. The output spectral
density for the generalized quadrature is given by Eq. (11)
and the different components are given by Sg;t, o = S (w) =
cos? @Spo + sin? @Spp + cos ¢ sinp(Sgp + Spp). To maxi-
mize this spectral density, 8S%/d¢ = 0, with 325?/0¢> < 0,
which gives

as? .
% = sin2¢(Spp — Sgg) + cos 2¢(Spp + Spo)

1 S S
—0=¢ = tan"! <M>7

(ChH
2 SQQ — Spp

028?
Froi 2¢082¢[Spp — Spp — tan2¢(Spp + Spo)]
Spp

— Soo
< 0= —== < tan2¢.
Sop + Spo

Using the relations (C1) and (C2),
Spp—So0  Sop + Spo
Sop +Spo  Spo — Sep’
= —(Spp — Sp0)* < (Sop + Spo)’,
= (Sgp + Spo)* + (Spp — Sgo)* > 0,

(C2)

(C3)

(C4)

0 1 ! > 2
5%(@) = 5(So0 + Sre) + 5/ (oo = Ser)? + (Sor + Spo)?.
(C5)
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FIG. 10. Variation of the output optical spectrum and sensitivity with detection angle ¢: (a) and (e) output spectrum and (c) and (g)
sensitivity for unsqueezed input light and (b) and (f) output spectrum and (d) and (h) sensitivity for squeezed input with amplitude » = 2 and
angle 6 = m, for the cases (a)—(d) with and (e)—(h) without interatomic interaction or collisions.

For unsqueezed input, Spp = —Spp and Spp > Spp, which
gives the detection angle ¢y = 7 /2 for the optimal noise
spectrum. Therefore, %, = Py and §¢ = Sp's. However, the
above conditions for optimal ¢ may vary if squeezed input is
used.

Figure 10 shows the numerical results for the spectral den-
sity S?(w) and the sensitivity ¢?(w), obtained by solving the
quantum Langevin equations, as a function of the homodyne
detection angle ¢. The figures consider the optimal spec-
trum and sensitivity for both unsqueezed and squeezed input
light and for cases where atomic collisions are considered or
neglected. Figures 10(a)-10(d) show the variation of S?(w)
and ¢?(w) with the detection angle ¢ for models with no
collision, as compared to Figs. 10(e)-10(h), where collision
or interatomic interactions are considered. From the numerical
observations, it is evident that the dominant effect of collision
is to shift the spectral peaks, which also causes the sensitivity
to shift. This is true for both unsqueezed and squeezed light.
Figures 10(a) and 10(c) look at the output spectrum and sen-
sitivity for unsqueezed light, respectively. The maximum of
the spectrum occurs at ¢ /7 = 1/2, which corresponds to the
analytical obtained value. The sensitivity also is best close
to the spectral peaks. However, as observed in Figs. 10(b)
and 10(d), the variation of S? is no longer straightforward
and the maximal value occurs at a different detection an-
gle ¢. The sensitivity again is optimal close to the spectral
peaks.

The variation of the enhancement factor with respect to
the homodyne detection angle ¢ and squeezing angle 6,
for different squeezing amplitudes r, is shown in Fig. 11.
The enhancement factor increases with r, and by adjusting
the detection angle the optimal sensitivity can be increased
by a factor of 2.5. This is achieved for squeezing ampli-
tude » = 2 and the squeezing and detection angles (6, ¢) €
{2m /3,27 /3), (4 /3, 7w /3)}.

APPENDIX D: BAE STEADY STATE BEYOND THE RWA

The typical approach to solving the equations of motion
in the backaction evasion method is to find solutions in the

good cavity regime w,,, G > k, as discussed, for instance,
in Ref. [47]. However, steady states of the Hamiltonian can
also be obtained in the bad cavity regime, i.e., in the regime
wm, G K k and k > Q > y, under suitable circumstances.
The Hamiltonian in Eq. (17) can be written in the interac-
tion picture by transformation with U = e~ il@saton(c'ctd d)k
such that

. G . .
H' /h=Q(c'c —d'd) + —(ce” ™" + Tl
/ 7

+ de—ia)mt + dTeiwmt)aTa + (agiei(ts—wm)l

+ ag*e 0O L He). (D1)
Now the Floquet expansion to the optical operator a is given
by a = Z;’.’;_oo aje'® . Deriving the equation of motion for
the expectation value of a and using a mean-field or semi-
classical approximation for correlations, the equations are

(a) 1.0 (b) 1.0 2.5
2.0
. 0.5 0.5
S
© 1.5
:%D 0.0 0.0
1. 1.
GRS (@ 0 10
g
g 05 , / 0.5 0.5

0.0 0.0 0.0
0.0 0.5 1.0 0.0 0.5 1.0

Squeezing Angle 6/27
FIG. 11. Variation of sensitivity enhancement factor with detec-

tion angle ¢ and squeezing angle 6 for different values of squeezing
amplitude: (a) r = 0.1, (b) r = 0.5, (¢) r = 1.0, and (d) r = 2.0.
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given by
o0
a= Y (ijaj+aje’™ (D2)

j=—00

G . . . )
= —i_2(Ce”“””’ +clefnt 4 deiont 4 dfeiont g

%

+ K
L — —a.
tT 2

Comparing Egs. (D2) and (D3), comparing coefficients of e
up to the first order, and neglecting fluctuations, the relevant
relations are

(D3)

iot

G
ap = —iE(cal +cfa_y+day+dfa_y) — % (for 0),
(D4)

.G
—i=
2

ida, +a, = [(c +d)az + (" + dag]

e, — %al (for &), (D5)

. G .
—isa_y+a_; = — 15[@ +d)ag + (¢" +dMa_s]

fe — %a_l (for e~1%"), (D6)
The second-order terms are
G )
2isay + ay = —i—=(c" +d"a; —kay, (for ¥, (D7)

ﬁ 9
G )
—2ida_r+a_, = _i_z(c +d)a_, —ka_y (for e—ZzSt)'

7
(D8)

Assuming that the optical field is stationary and therefore
setting all a; = 0, the expressions for the steady state are
obtained,

Gt +dNa iG{c+d)a_
)= —7——7—, o= —7—"—, (D9)
Kk/2 —2i8 K/2+ 2id
3\ — e, —iG((c’ +dT>a9+ <c+d)a2)’ D10)
K/2+ i
_—iG({c" +dNa_ d)a
5=t iG({c' +d")a ’2+(C+ )ao)’ (DI11)
K/2 —1i6
iN2G d)a f+dha_
ao:_zf (e +d)a + (" +dNa ) O12)
K

In the bad cavity regime G, w,, < k, the steady-state values of
a4, are directly proportional to the factor G/«, which can be
significantly small. Therefore, the terms a., and higher orders
can be neglected in this regime, and a much simpler solution
can be achieved by assuming just the first-order driving am-
plitudes and atomic sideband modes such that

(1) is v (—1) —is v (0)
Xc(d):XC(d)e”—i—XC(d)e lt+Xc(d). (D13)

Substituting the above first-order expanded operators X. (4)
in Egs. (D6)—(D8) and comparing the different orders, the
relations are

a =0, X =o, (D14)
_ G
X5(32> = _m(molz + lar|* + la_1 %), (D15)

(a) 101_
21014 s
= i
kS
B o
= 10 34
o Pid
o Cd
e R ---- /27 = 10*
1054 .
—— g/2m = 102
107 107 104 1072 1070
Pin (Watts)
(b)
10714
3110724
g
=107
£ P = 12.4fW
S 10744 -7 . - Fin = la
~ //'/ - Py = 124FW
1075 —/./‘ — = P = 0.124fW
10° 102 10% 106

k/2m (Hz)

FIG. 12. Optical bistability in the steady-state solutions of the
equation of motion in the BAE scheme, as a function of (a) input
power Py, and (b) cavity loss rate «.

K
iday = —a + iQer(la1|* + la_1|P)ay — iy, (D16)
cao K _ . 2 N .
ida_; = —5d-1 + Qe (lar|” + la_1|)a- —ie_, (D17)
9 G(Q3 +Q2) 2Gwy, DI8)
= ——— 0Or = — =7,
eff ngg +A2 eff 0),2,1 — QZ

where the two values of Q.4 are for the cases with and
without interatomic interaction or collisions in the dynamics,
respectively. Making the above substitutions, the steady-state

A ¥~
0.1
B ‘
Z 00
701_
-0 05 0.0 0.5 10
Re(a) x10~4

FIG. 13. Phase-space evolution of the coherent-state complex
amplitude a(t), obtained numerically. The amplitude is constrained
by the analytical bounds obtained by solving for the steady-state
equations.
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populations n; = |a~|? under the above approximations can
be solved using a set of coupled cubic equations

(o) () |-
n n n_p — = s
l 1 ' Qur Qetr Q2

(nemeay) () |-
noy| (n +n_ = )
: ! : Qeff Qef‘f ngf

Note that the occupation numbers of the two steady states can
be different, i.e., n; # n_;.

The linearization of the equation of motion is based on the
assumption that the operators can be written as the sum of a
steady state and fluctuations. As such, it is necessary that a
monostable steady state exists in the regime G < «. Solving
Eq. (D19) numerically exhibits the region of bistability that
appears as a sharp discontinuity in the sideband populations
ny as the input power or the cavity dissipation rate is varied
as shown in Fig. 12. For lower input power Pj,, a monostable
region exists for most cavity dissipation. For higher input
powers, to avoid bistability, it is sufficient to choose the cavity
dissipation rate «x /2 > 10° Hz.

If the term G is very small, the second terms on the
right-hand sides of Egs. (D16) and (D17) vanish and the
steady-state solution reduces to a = a; = This can

(D19)

then be considered to be the steady-state value to linearize
the optical operators in the BAE scheme. The validity of the
above analytical expression can be checked by numerically
solving the time-dependent set of differential equations in
the mean-field regime obtained from Eq. (D1). The time-
dependent complex solution « of the optical field is bounded

in the phase space under the steady-state oscillation amplitude
|a|, as shown in Fig. 13. This shows that the solutions of the
differential equations in the phase space are strictly bounded
by the steady-state amplitudes, which can then be used to find
the operable monostable regions where rotational sensitivity
is to be measured.

APPENDIX E: SPECTRAL DENSITY COEFFICIENTS
FOR THE BAE SCHEME

The coefficients {A(w), B(w), C(w), D(w)} in the expres-
sions for the optical quadrature and the spectral density
components in Egs. (36)—(39), respectively, are obtained from
the solutions in Eqgs. (30)—(35). These coefficients, with re-
spect to the output optical quadrature P,y (w), are

A%(@) = V2 x (@)L X (@ — 8) + Xe(@ + 8)
+ xa(@w — 8) + xa(w + 98)], (E1)
BY(w) = —k xal@) — 1, (E2)
C*(0) = V2kGaxa(® £ 8)(@n + Dxe(w),  (E3)
D*(0) = V2cGaya(w + 8)(wn — Q)xa(w).  (E4)

AT () = V2K G*a g (@ F 28) xa(@) [ xe(@ F 8)

+ Xa(w F 9)], (ES)
where all higher-order coefficients are zero, which truncates
the Floquet expansion at the second order.
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