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We consider the effect of heating on the stability of a highly viscous and thin New-

tonian sheet of liquid drawn onto a moving substrate under conditions of negligible

inertia and gravity. Whereas the stability of the drawing process has been well-

studied under conditions where the liquid sheet is isothermal or cooled, the effect of

heating has not. We impose a Gaussian temperature profile in the liquid to mimic a

process in which film moves through a heating zone over a portion of the sheet; this is

followed by a region of cooling. Here, we show a remarkable suppression of the draw

resonance instability by heating the sheet as it flows. Compared with an isothermal

configuration, the critical draw ratio — defined as the maximum ratio of the final to

initial velocity in the sheet below which the sheet is stable — can be increased by

many orders of magnitude depending on parameters of the imposed Gaussian heating

profile. A cooling profile that follows the Gaussian has a quantitative but relatively

small effect on the magnitude of the critical draw ratio. We find that a relatively

narrow region of heating relative to the sheet length can dramatically increase the

critical draw ratio. Although results of this paper are provided predominantly in the

limit of negligible heat transfer resistances, the effect of heat transfer on presented

results is examined.
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I. INTRODUCTION

Two-dimensional planar liquid sheets are commonly employed as an enabling step in the

coating of liquid films on moving substrates. When used in high speed coating processes,

these gradually thinning liquid sheets (often referred to as curtains) are inertia-dominated

and essentially inviscid30; inertial curtain flows are used to suppress air entrainment through

high stagnation pressures at the impingement location on the substrate3. The dynamics

and stability of such flows have been well-studied30 and remains a research area of active

interest1,6–8,15,28. By contrast, extrusion coating31 and film-casting/drawing processes33 in-

volve planar liquid sheets that are gradually thinning yet viscous dominated. The stability

of these viscous sheets is well-known5,11,22; for a constant viscosity Newtonian sheet, an

instability arises when the critical draw ratio — defined as the ratio of the liquid speed

at the bottom of the curtain to its top — exceeds 20.21. This so-called “draw resonance

instability” can occur in industrial applications involving molten materials, and thus the

impact of cooling13,23,25 has been previously studied. Prior work has included heat transfer

resistances both within and outside of the fluid. The incorporation of inertia, gravity and

surface tension on viscous-dominated non-isothermal sheet flows has also been examined21.

In this paper, we demonstrate that heating a Newtonian liquid sheet in the drawing pro-

cess enhances its stability, and this increase can be dramatic. To this end, we impose a

Gaussian heating profile followed by a region of cooling — to mimic a temperature profile

that would be achieved in practice if a liquid sheet were only heated over part of its length.

We demonstrate that a relatively narrow region of heating relative to the sheet length sup-

presses the classical draw resonance instability and increases the critical draw ratio by many

orders of magnitude compared with that of an isothermal Newtonian flow. We demonstrate

that the cooling profile that follows the Gaussian has a quantitative but relatively small

effect on the magnitude of the critical draw ratio.

The organization of this paper is as follows. We first consider the limit of negligible heat

transfer resistances in Sections II-III. In section II, the time dependent equations governing

a viscous and thinning liquid sheet with variable viscosity are presented. The steady-state

solution is provided as well as the linearized equations used to examine the stability of the

steady flow. An eigenvalue problem is derived to determine the critical draw ratio, and its

numerical solution is subsequently provided. Section III provides typical stability results
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that demonstrate the key features of the temperature profile that lead to enhanced stability.

In section IV, the effect of heat transfer resistances on stability results is examined, and

concluding comments are provided in Section V.

II. FORMULATION: NEGLIGIBLE HEAT TRANSFER RESISTANCES

A. Sheet model and stability problem

FIG. 1. Side view schematic of a liquid sheet of length L exiting a slot of height Hf and drawn

onto a solid substrate (here shown as a portion of a curved roller) moving at speed Ud. The

curtain is assumed to be infinite and invariant in the Y direction (oriented out of the figure) and

is symmetrical about the line Z = 0. The local speed and thickness of the curtain are denoted as

U and H, respectively.
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Consider flow configuration shown in Figure 1 that depicts a planar liquid sheet of length,

L, extruded from a slot of height, Hf , and drawn onto a substrate moving at speed, Ud. The

sheet is invariant with the Y -direction (oriented out of Figure 1), with the X coordinate

denoting distance down the sheet. The sheet itself has density, ρ, viscosity, η, and local

thickness H(X, t′), where t′ is time. We assume that the film is symmetrical about its

centerline (i.e., the Z = 0 axis in Figure 1) and that the sheet thins gradually in the X-

direction; this is afforded by the assumption that Hf/L ≪ 1. As a result, the lack of

viscous traction with the air enables an approximation that the fluid speed is locally plug

(Z-independent in Figure 1) and can thus be expressed as U(X, t′). In making the plug

flow assumption, end effects near the slot and substrate are neglected, where the loss/gain

of traction creates local flow rearrangement not captured in a plug assumption. In what

follows, we assume that the viscous forces dominate inertial, gravity, and surface tension

forces; in this limit, end effects are expected to dissipate on the order of 5 − 10 ×Hf from

the top and bottom of the curtain. In light of the Hf ≪ L assumption made, end effects

are thus limited to small regions in the vicinity of X = 0 and X = L; any asymmetry in

the curtain due to the substrate motion is embedded in the end effect near x = L. For this

reason, the velocity of the planar sheet is taken to be equal to U = Uf and U = Ud at the

top and bottom of the sheet, respectively. These constraints can be justified formally by an

asymptotic match between the gradually thinning and rearrangement regions near the ends

of the sheet.

We define dimensionless variables and parameters as:

h = H/Hf , u = U/Uf , t = t′Uf/L,

x = X/L, D = Ud/Uf , µ = η/ηr.
(1a)

In (1a), ηr is a reference viscosity that is related to the temperature field prescribed in

section II B. Subject to the above-stated assumptions, the dimensionless boundary value

problem governing the flow in the liquid sheet is:27

∂h

∂t
+

∂(hu)

∂x
= 0,

∂

∂x

(

µh
∂u

∂x

)

= 0, (1b)

h(0, t) = 1, u(0, t) = 1, u(1, t) = D = exp(β). (1c)

In (1), D is the draw ratio, and β = ln(D) is introduced in (1c) for convenience. Note that

there is no initial condition specified as we intend to assess the stability of the flow with

respect to arbitrary disturbances.
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Under steady state conditions, which are denoted here with the subscript “0”, the solution

to (1) is given as:

u0(x) = exp(βf(x)), h0 = exp(−βf(x)), (2a)

where

f(x) =

∫ x

0

1/µ(s)ds

∫ 1

0

1/µ(s)ds

, β = ln(D). (2b)

In (2b), the form of the dimensionless viscosity, µ is as of yet unspecified, but will be

prescribed based on a location-dependent temperature profile in Section II B. We assess

the system stability by linearizing equations (1) about the steady state solution (2) and

examining the growth of arbitrary disturbances. The disturbances are assumed to have the

form

h = h0(1 + α(x)eλt), u = u0(1 + φ(x)eλt), (3)

where the perturbation functions satisfy α(x), φ(x) ≪ 1, and λ is, in general, a complex

constant. At this stage, all of these perturbed quantities are unspecified. Substituting

equation (3) into (1) and neglecting terms that are quadratic or higher in α and φ, a linear

differential eigenvalue problem arises to solve for the perturbation functions and eigenvalue

λ as follows:

λα + eβf(x)(αx + φx) = 0, (4a)

(µφx)x + µβf ′(x)(αx + φx) = 0, (4b)

with constraints: α(0) = 0, φ(0) = 0, φ(1) = 0. (4c)

The system (4a-c) indicates that the eigenvalue λ depends on the draw ratio, D, through its

relationship to β in (2b). Disturbances grow or decay depending on whether Real(λ) > 0 or

Real(λ) < 0, respectively. Of critical importance is the critical draw ratio defined as:

Dc = max{D : real part of all eigenvalues, λ ≤ 0}. (4d)

In particular, it is desirable for Dc to be as large as possible so the drawing process is stable

over a wide range of drawing speeds with D < Dc. We will discuss the numerical solution

of the system (4) in Section IIC.
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B. Dependence of Viscosity on Temperature

The viscosity, µ, in the eigenvalue system (4) depends on temperature. In the first portion

of this study (Sections II-III), we consider the limit where the external temperature field is

imposed directly on and inside of the liquid curtain25. This removes considerations of heat

transfer from the problem so that the underlying effect of viscosity changes can be examined

explicitly. Section IV considers the effect of heat transfer resistances on stability results,

and the establishes the parameter range where negligible heat transfer results are valid.

Here, we impose a viscosity dependence that is typical for glass manufacture, a potential

application domain for the results we present. Within the temperature range 1673− 2273K,

the viscosity of glass may be expressed as16

µ(T ) = A exp

(

B

CT

)

, (5)

with typical parameters given by

A = 5.8× 10−8poise, B = 515400 J/mol, C = 8.314 J/mol ·K, (6)

where T is the temperature in Kelvin. In our study, we impose a Gaussian heating profile

as

T (x) = T0 + (Tmax − T0) exp

(

−
(x− x0)

2

2σ2
0

)

, 0 ≤ x ≤ x1 (7a)

followed by a cooling profile

T (x) = T2 + (T1 − T2) exp

(

−
(x− x1)

2

2σ2
1

)

, x1 ≤ x ≤ 1 (7b)

where

T1 = T0 + (Tmax − T0) exp

(

−
(x1 − x0)

2

2σ2
0

)

. (7c)

Figure 2 provides a schematic of the temperature field expressed quantitively by (7). As

indicated, the profile equation (7) mimics the configuration where molten glass at temper-

ature T0 enters a heating unit placed along the upper portion of the liquid sheet in a film

drawing process, followed by a region of cooling once the fluid is exposed to air but before

being drawn onto the substrate at x = L. There are four parameters for the heating profile

(7a): the standard deviation σ0, the heating floor temperature T0, the maximum temper-

ature Tmax and its dimensionless location x0. For the cooling profile in (7b), σ1 controls
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FIG. 2. Schematic of the temperature profile (7) with various parameters indicated. The the

standard deviation in (7a), σ0, affects the breadth of the indicated heating Gaussian, and σ1,

affects the slope of the cooling profile given by eq. (7b).

the cooling rate, T2 is the cooling floor temperature, and x1 is the dimensionless position at

which the cooling begins.

We non-dimensionalize the temperature and viscosity profiles (eqs (5) and (7)) as follows.

The heating floor temperature, T0, is used as a scale for the temperature and the viscosity

relation (5) is thus expressed in dimensionless form as

µ(θ) = exp

(

κ

(

1

θ
− 1

))

, (8a)

where the previously unspecified viscosity scale in (1a), ηr, is set as

ηr = A exp(κ). (8b)

The nondimensionalized form of the temperature field (7) is

θ(x) = 1 + (θmax − 1) exp

(

−
(x− x0)

2

2σ2
0

)

, 0 ≤ x ≤ x1 (8c)

θ(x) = θ2 + (θ1 − θ2) exp

(

−
(x− x1)

2

2σ2
1

)

, x1 ≤ x ≤ 1 (8d)

where

θ1(x) = 1 + (θmax − 1) exp

(

−
(x1 − x0)

2

2σ2
0

)

, (8e)

and

κ =
B

CT0

, θmax =
Tmax

T0

, θ2 =
T2

T0

. (8f)
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In (8a), µ depends on the function θ(x) which thus depends on 7 parameters: κ, θmax, θ2, x0,

x1, σ0 and σ1. The critical draw ratio, Dc, extracted from the system (4), may be expressed

functionally as

Dc = Dc(κ, θmax, θ2, x0, x1, σ0, σ1). (9)

Owing to the large number of parameters in (9), we have chosen to present the temperature

field in dimensional form for ease of use and interpretation, and to demonstrate that the

magnitude of the temperature profiles imposed are attainable in practice. All spatial quan-

tities (i.e. x, x0, and x1) are provided in dimensionless form. In what follows, we examine

the dependence (9) to determine how the indicated parameters affect the system stability.

C. Solution for the critical draw ratio

The critical draw ratio, Dc, is determined by solving the eigenvalue system (4a-4c) with

the viscosity dependence (8) and the criterion (4d). Here we will use the Chebyshev colloca-

tion method14,29. To begin, we discretize the differential eigenvalue system by representing

the unknown continuous functions α and φ as column vectors,

α =











α0

...

αn











, φ =











φ0

...

φn











. (10)

where the as of yet undetermined vector components (αi, φi, i = 0, . . . , n) are to be computed

at the Chebyshev’s points, x0, . . . , xn,
29 of the domain, x ∈ [0, 1]. At the Chebyshev’s points,

eq. (4a-4b) can be approximated by the matrix equations

−SDxα− SDxφ = λα, (11a)

PDxα+ (Dxx + (P +M)Dx)φ = 0, (11b)

where S, P and M are diagonal matrices expressed as

S = diag(exp(β(f(x0)), . . . , exp(βf(xn))), (11c)

P = diag(βf ′(x0), . . . , βf
′(xn)), (11d)

M = diag(µ′(x0)/µ(x0), . . . , µ
′(xn)/µ(xn)). (11e)
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In (11), Dx is the Chebyshev differentiation matrix on the domain [0, 1], Dxx = (Dx)
2,

and the prime denotes the x-derivative. In partitioned matrix notation, the system (11) can

thus be written as




A11 A12

A21 A22









α

φ



 = λ





B11 B12

B21 B22









α

φ



 , (12a)

where

A11 = −SDx, A12 = −SDx, (12b)

A21 = PDx, A22 = Dxx + (P +M)Dx. (12c)

In (12), B11 is an (n + 1) identity matrix, while B12,B21 and B22 are (n + 1) × (n + 1)

zero matrices.

In discretized form, some slots of the column vectors α and φ have known quantities

according from the boundary conditions (4c). In particular, we have αn = α(0) = 0, φn =

φ(0) = 0, and φ0 = φ(1) = 0. As a result, the last rows of the matrix system in (11a-11b)

and first row of (11b) are ignored. The reduced system can be placed in the form of Eq.

(12) after modifying the matrices in MATLAB notation as:

Ã11 = A11(1 : n, 1 : n), Ã12 = A12(1 : n, 2 : n), (13a)

Ã21 = A21(2 : n, 1 : n), Ã22 = A22(2 : n, 2 : n), (13b)

B̃11 = eye(n, n), B̃12 = zeros(n, n− 1), (13c)

B̃21 = zeros(n− 1, n), B̃22 = zeros(n− 1, n− 1), (13d)

α̃ = α(1 : n), φ̃ = φ(2 : n). (13e)

Note that eq. (12) is a generalized eigenvalue problem with a singular right hand side; it can

be solved by the well-known QZ-algorithm20. We use [U,E] = eig(A,B, ’qz’) in MATLAB

to solve the modified system to obtain the eigenvectors, U , and eigenvalues, E. A sequential

refinement of the number of collocation points, n, was performed; an accuracy of O(10−10)

for all presented results was achieved for n = 256.

The stability of the viscous planar sheet depends on the real part λ in the perturbation

form (3). According to (4d), we adjust the draw ratio until the real part of all eigenvalues

are less than or equal to 0; the critical draw ratio arises when the maximum value of Real(λ)

over all eigenvalues equals 0. As the original problem is real, all eigenvalues will arise as
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complex conjugates. We use Brent’s method,4 a hybrid of the bisection and secant methods,

to adjust the draw ratio to its critical value.

The Chebyshev collocation method computes the full spectrum of the eigenvalue problem

for each choice of β = ln(D), and typical spectral results are shown in Figures 3a-c. These

figures correspond to three different heating temperature profiles with different values of

σ0 in (8). In each figure, the critical eigenvalue is indicated with a star. When σ0 = 0.25

(Figure 3a), the critical eigenvalue has its imaginary part closest to the real axis. As σ0 is

decreased to 0.125 (Figure 3b), the position of the critical eigenvalue moves away from the

real axis and shifts position with one that was previously unstable at a lower value of σ0.

When σ0 = 0.075 (Figure 3c), the relative location of the critical eigenvalue switches once

again.

In previous work for isothermal12 or cooled21,23,25 planar liquid sheets, the eigenvalue

spectrum that arises always has a qualitative form as in Figure 3a; prior work utilizes a

shooting method, in which a previously determined critical eigenvalue is used as an initial

guess as the draw ratio is changed. It is apparent from Figures 3b,c that the shooting

approach could potentially lead to an invalid stability conclusion because the algorithm could

converge to an incorrect eigenvalue attributed to criticality. For purposes of comparison, we

did implement a shooting method (Appendix B) and indeed demonstrated that this behavior

can happen. Note that from the shooting method did serve as a self-consistency check on

our calculations, as it mapped out the eigenvalue predictions from the Chebyshev method

as initial guesses for shooting were varied.
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.FIG. 3. Spectra correspond to three different temperature profiles for T0 = 1898K, Tmax − T0 =

120K, σ1 = 0.1, T2 − T0 = 1000K, x0 = 0.2, x1 = 0.6. (a): σ0 = 0.25, (b): σ0 = 0.125, (c):

σ0 = 0.075. The ∗ plot symbol indicates the critical eigenvalue.
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III. RESULTS: NEGLIGIBLE HEAT TRANSFER RESISTANCES

A. Effect of Temperature profiles on draw ratio

To begin, we examine the cooling portion of the temperature profiles in Figure 2 alone and

examine the effect of heating subsequently. This serves two purposes. First, we demonstrate

that our predictions are consistent with prior literature results that show the effect of cooling

on the critical draw ratio21,23,25. Second we determine the order of magnitude of the effect

of cooling, which provides a baseline for comparison when heating is added. To this end,

we examine the stability of flows using the sequence temperature profiles shown in Figure

4; corresponding parameter values are provided in Table I. Additionally, Table I contains

the critical draw ratios for all curves calculated following the numerical algorithm of section

IIC.

.

FIG. 4. Various cooling temperature profiles corresponding to parameters in Table I, which also

contains the calculated critical draw ratios associated with each curve.

12

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
2
6
9
1
4
0



TABLE I. Data used in equation (7) to generate temperature profiles shown in Figure 4, with

T0 = 1898K and Tmax − T0 = 0. Corresponding critical draw ratios, Dc, are indicated in the table.

Cooling Only

Case σ1 x1 T0 − T2 Dc

A 0.1 0.3 1600 20.98

B 0.1 0.3 1000 20.61

C 0.1 0.45 1600 20.87

D 0.1 0.45 1000 20.55

E 0.1 0.6 1600 20.61

F 0.1 0.6 1000 20.42

G – – 0 20.21

Consistent with previously cited literature,25 the critical draw ratios shown in Table I are

approximately 20 and insensitive of the cooling rate, σ1, the cooling floor temperature, T2

and the starting cooling location, x1. If the viscosity is constant spatially (this corresponds

to an isothermal flow as shown in curve G of Figure 4), f(x) = x and f ′(x) = 1 in eq. (2),

and the velocity field is given analytically as U = exp(βx); as shown in Table I, we find

Dc = 20.21, in agreement with previous literature5,11,22,26.

With the effect of cooling examined and calibrated to prior literature, we now proceed

to examine the effect of heating. As stated previously and shown in Figure 2, we utilize a

Gaussian profile in the heating region according to Eq. (7a). Note that we did explore the

effect of non-Gaussian profiles that had a flattened maximum temperature over a specific

length; results are provided in Appendix A. While there is some quantitative benefit of such

profiles to increase the critical draw ratio, the order of magnitude increase is similar to that

of a Gaussian. Thus, a Gaussian was chosen for simplicity in the remainder of the paper.

Figure 5 provides some typical Gaussian heating profiles followed by isothermal or cool-

ing conditions; these correspond to parameter values in Table II. Compared with typical

isothermal or cooling profiles in Figure 4 — for which the critical draw ratio is ≈ 20 (see

Dc values in Table I) — it is evident that heating the viscous sheet provides a significant

increase in the critical draw ratio (see Dc values in Table II). This data clearly shows that as

the height of the Gaussian increases (higher temperature), the critical draw ratio increases.
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If the sheet is cooled following the heating region, the critical draw ratio is reduced, although

it remains the same order of magnitude as for heating alone.

FIG. 5. Temperature profiles corresponding to data provided in Table II. Shown are Gaussian

heating profiles (A or B) followed by either cooling (D) or isothermal (C). The aggregate heat-

ing/cooling/isothermal profiles are defined as AC, AD, BC, BD. Calculated critical draw ratios for

all curves are provided in Table II.

TABLE II. Data used in equation (7) to generate temperature profiles shown in Figure 5, with

T0 = 1898K, σ0 = 0.1, σ1 = 0.1, x0 = 0.3, x1 = 0.6. Corresponding critical draw ratios, Dc, are

indicated in the table.

Heating With and Without Cooling

Case Tmax − T0 T0 − T2 Dc

AC 150 0 3.81× 104

AD 150 1000 2.75× 104

BC 200 0 8.37× 106

BD 200 1000 4.75× 106
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We also find that or a given fixed heating profile, the magnitude of the critical draw ratio is

relatively insensitive the cooling profile that follows (see Figure 6 and Table III).

FIG. 6. Temperature profiles corresponding to data provided in Table III. Shown is a Gaussian

heating profile followed by a sequence of cooling or isothermal profiles. Calculated critical draw

ratios corresponding to each curve are provided in Table III.

TABLE III. Data used in equation (7) to generate temperature profiles shown in Figure 6, with

T0 = 1898K ,σ0 = 0.1, Tmax − T0 = 150, x0 = 0.3, x1 = 0.6. Corresponding critical draw ratios, Dc,

are indicated in the table.

Same Heating, Different Cooling Profiles

Case σ1 T0 − T2 Dc

A – 0 3.81× 104

B 0.05 1000 2.65× 104

C 0.10 1000 2.63× 104

D 0.05 1600 2.75× 104

E 0.10 1600 2.75× 104

15

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
2
6
9
1
4
0



Figure 7 shows temperature profiles for different cooling zone lengths corresponding to pa-

rameters shown in Table IV. In accordance with Figure 2 and eq (7), x1 is the heating

zone length and 1 − x1 is the cooling zone length. Here we provide results for the same

standard deviation and the location of the maximum temperature relative to the heating

zone length. Inspection of Table IV shows that the order of magnitude of the Dc values is

relatively insensitive to the cooling profile (compared the isothermal case of Dc = 20.21);

that said, it is evident that a smaller heating zone length compared with that for cooling

does quantitatively increase Dc. Note that in Figure 7, parameters for the Gaussian heating

position, the standard deviation, and the length of the cooling zone are varied. Plots shown

in the next section (Section III B) indicate that the increase in the standard deviation in the

Gaussian heating profile, σ0, is largely responsible for the trend in the critical draw ratios

seen in Table IV.

FIG. 7. Temperature profiles corresponding to data provided in Table IV. Shown are profiles

having different cooling zone lengths and the same Gaussian heating profile scaled with heating

zone length. Calculated critical draw ratios are provided in Table IV.
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TABLE IV. Data used in equation (7) to generate temperature profiles shown in Figure 7, with

T0 = 1898K, σ0 = 0.1× x1, x0 = 0.5× x1, σ1 = 0.1, Tmax − T0 = 200, T2 − T0 = 1000.

Different Cooling Zone Lengths

Case σ0 x0 x1 Dc

A 0.026 0.13 0.26 6.00× 105

B 0.036 0.18 0.36 5.15× 105

C 0.046 0.23 0.46 5.12× 105

D 0.056 0.28 0.56 4.85× 105

E 0.1 0.5 1.0 4.22× 105

B. Survey of temperature profiles and stability enhancement

Section IIIA results show typical trends in the critical draw ratio as temperature profiles

in the planar sheet are altered. These results indicate that the Gaussian heating profile is

responsible for significant stability enhancement, and that cooling profiles alone do not lead

to significant changes in the critical draw ratio compared with the classical isothermal case.

In what follows, we provide a survey of parameters shown in Figure 2 that correspond to

Gaussian heating — with and without subsequent cooling profiles — to more fully examine

their effect on the critical draw ratio.

Figure 8a provides a contour plot of βc = ln(Dc) as a function of the temperature increase

in the Gaussian, Tmax−T0 (see Figure 2), and its standard deviation, σ0. Here the maximum

temperature in the Gaussian, Tmax, is fixed as is the cooling profile. Temperature profiles

corresponding to specific points A-E labeled in the contour plot (Figure 8a) are shown Figure

8b.
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FIG. 8. a) Contour plot of the critical draw ratio, βc = ln(Dc), as a function of the temperature

rise in the Gaussian, Tmax − T0, and its standard deviation, σ0. Here, the Gaussian is fixed at

x0 = 0.4, and the cooling profile is fixed with x1 = 0.6, σ1 = 0.1, and T2 − T0 = 1000K. b)

Temperature profiles corresponding to specific points A-E from Figure 8a are indicated.

Figure 8 shows that the largest critical draw ratios occur when σ0 is about 0.15, and that

increasing the height of the Gaussian (i.e., Tmax − T0) increases the critical draw ratio dra-

matically (recall that Dc = exp(βc)).
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Figure 9 provides data analogous to that of Figure 8 except the cooling profile has been

eliminated; the Gaussian heating profiles, however, are identical (compare Figures 8b and

9b). We see that the structure of the parameter space is largely the same, with the maximum

in the critical draw ratio arising for σ0 in the range 0.1-0.15. As in Figure 8a, the critical

draw ratio increases with increasing height of the Gaussian (Tmax − T0).

FIG. 9. a) Contour plot of the critical draw ratio, βc = ln(Dc), as a function of the temperature rise

in the Gaussian, Tmax−T0, and its standard deviation, σ0. Here, the Gaussian is fixed at x0 = 0.4,

and the cooling profile is fixed with x1 = 1, σ1 = 0.1, and T2 − T0 = 1000K. b) Temperature

profiles corresponding to specific points A-E shown in the draw ratio contours are indicated.

As previously demonstrated in Section III, the Gaussian heating profile — not the cool-

ing profile — is responsible for significant growth. This is reinforced by comparing the

contours from Figures 8a (heating and cooling) and 9a (heating only), which have quanti-

tative differences but are largely similar in structure. For this reason, we examine the effect

of the location of the Gaussian temperature peak without cooling by comparing Figure 9

(x0 = 0.4), Figure 10 (x0 = 0.5), and Figure 11 (x0 = 0.6). We see that for any height of

the Gaussian (Tmax−T0), moving the maximum peak to larger x value slightly increases the

standard deviation for which the maximum benefit of heating is achieved. That said, the

qualitative effect of the Gaussian heating is unchanged with location.
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FIG. 10. a) Contour plot of the critical draw ratio, βc = ln(Dc), as a function of the temperature

rise in the Gaussian, Tmax − T0, and its standard deviation, σ0. Here, the Gaussian is fixed at

x0 = 0.5, and the cooling profile is fixed with x1 = 1, σ1 = 0.1, and T2 − T0 = 1000K. b)

Temperature profiles corresponding to specific points A-E shown in the draw ratio contours are

indicated.
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FIG. 11. a) Contour plot of the critical draw ratio, βc = ln(Dc), as a function of the temperature

rise in the Gaussian, Tmax − T0, and its standard deviation, σ0. Here, the Gaussian is fixed at

x0 = 0.6, and the cooling profile is fixed with x1 = 1, σ1 = 0.1, and T2 − T0 = 1000K. b)

Temperature profiles corresponding to specific points A-E shown in the draw ratio contours are

indicated.
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Coupled with the survey of parameter values in Figure 8, the data of Section III demon-

strates that heating before cooling increases the critical draw ratio and hence the stability of

the liquid sheet. Figures 9-11 also show that the enhancement in stability originates from the

heating profile, as cooling alone does not have a significant effect on the critical draw ratio

compared with an isothermal configuration (see data in Figure 4 and Table I). The stability

of the drawing process is relatively insensitive to the length of cooling zone when we choose

the same standard deviation and the location of the maximum temperature relative the the

length of the heating zone (see Figure 7). Our survey of parameter values indicates that the

maximum stability of the liquid sheet occurs when the standard deviation of the Gaussian

region of heating is relatively small compared with the length of the imposed heating zone.
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IV. EFFECT OF HEAT TRANSFER RESISTANCES ON CRITICAL

DRAW RATIO

In sections II and III, we examined the effect of heating a viscous liquid sheet in the

limit of negligible heat transfer resistances. We now incorporate the effect of heat transfer

to assess its impact on stability trends elucidated previously. Following the derivation by

Scheid et. al.25, the dimensionless thermal equation is given as

∂θ

∂t
+ u

∂θ

∂x
= −St

θ − Ta(x)

h(1 + (Bi/6)h)
(14)

where θ is the dimensionless temperature, Ta is the dimensionless temperature of the ambient

away from the curtain (scale used is T0), St =
2Lα

ρcpUfHf
is the Stanton number, Bi =

αHf

k

is Biot number, and α is the heat transfer coefficient of the ambient. Additionally, k and

cp are the respective thermal conductivity and the heat capacity of the liquid. Equation

(14) is coupled to the previously used equation set (1) to provide governing equations that

incorporate heat transfer resistances in the sheet and externally. The functionality given by

(9) is extended to add St and Bi as

Dc = Dc(St, Bi, κ, θmax, θ2, x0, x1, σ0, σ1). (15)

The solution of the heat transfer model to find the critical draw ratio closely follows the

approach taken in Section II, and is provided in Appendix D.

In the limit of large St, equation (14) indicates that the dimensionless temperature,

θ ∼ Ta(x), and this indicates that the form of Ta(x) should be chosen to be consistent with

that given by equation (8) — this assures that our results for negligible heat transfer in

section III are approached in the large St limit. To this end, we express a heating profile

Ta(x) = 1 + (θmax − 1) exp

(

−
(x− x0)

2

2σ2
0

)

, 0 ≤ x ≤ x1 (16a)

followed by a cooling profile

Ta(x) = θ2 + (θ1 − θ2) exp

(

−
(x− x1)

2

2σ2
1

)

, x1 ≤ x ≤ 1 (16b)

where

θ1 = 1 + (θmax − 1) exp

(

−
(x1 − x0)

2

2σ2
0

)

. (16c)

As in the negligible heat transfer resistance case, the viscosity dependence is given by (8a).
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Figure 12 shows the effect of heat transfer resistances on the critical draw ratio as a

function of Stanton and Biot numbers. We note that when St on the order of 104, heat

transfer resistances are negligible, and the draw ratio is identical to that corresponding to

curve BD in Figure 5 (as indicated in Table II). Note also that provided St > 100, the

prediction without heat transfer resistances provides a lower bound on the critical draw

ratio when heat transfer is included. The curve shapes in Figure 12 are relatively insensitive

to the Biot number, and order of magnitude changes in Bi are required to significantly shift

the curves. For this reason, the remaining data in this section is provided for Bi = 0.

FIG. 12. Critical Draw Ratio, Dc, vs Stanton number, St, for various Biot numbers, Bi. The

ambient temperature profile for all data in this figure corresponds to curve BD of Figure 5. The

horizontal dashed line is the value of Dc corresponding to the case of negligible heat transfer.

Parameters for the ambient temperature profile, given by (16), are: x0 = 0.3, x1 = 0.6, σ0 = 0.1,

σ1 = 0.1, T0 = 1898K, Tmax = T0 − 200, T2 = T0 − 1000, and κ = B/(CT0) = 32.667.

Figures 13-15 show the effect of heat transfer on the critical draw ratios obtained with no

heat transfer resistances corresponding to curve BC in Figure 5 and curves D, E in Figure 7.

Note that all critical draw ratios asymptote to the negligible heat transfer results for St on

the order of 104. Additionally, for all cases, draw ratio results are comparable in magnitude

to those without heat transfer at more moderate St values (approximately St ≈ 200 and
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larger).

FIG. 13. Critical Draw Ratio, Dc, vs Stanton number, St, for the Biot number, Bi = 0. The

ambient temperature profile for all data in this figure corresponds to curve BC of Figure 5. The

horizontal dashed line is the value of Dc corresponding to the case of negligible heat transfer.

Parameters for the ambient temperature profile, given by (16), are: x0 = 0.3, x1 = 1, σ0 = 0.1,

σ1 = 0.1, T0 = 1898K, Tmax = T0 − 200, T2 = T0 − 1000, κ = B/(CT0) = 32.667.

25

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
2
6
9
1
4
0



FIG. 14. Critical Draw Ratio, Dc, vs Stanton number, St, for the Biot number, Bi = 0. The

ambient temperature profile for all data in this figure corresponds to curve D of Figure 7. The

horizontal dashed line is the value of Dc corresponding to the case of negligible heat transfer.

Parameters for the ambient temperature profile, given by (16), are: x0 = 0.28, x1 = 0.56, σ0 =

0.056, σ1 = 0.1, T0 = 1898K, Tmax = T0 − 200, T2 = T0 − 1000, κ = B/(CT0) = 32.667.
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FIG. 15. Critical Draw Ratio, Dc, vs Stanton number, St, for the Biot number, Bi = 0. The

ambient temperature profile for all data in this figure corresponds to curve E of Figure 7. The

horizontal dashed line is the value of Dc corresponding to the case of negligible heat transfer.

Parameters for the ambient temperature profile, given by (16), are: x0 = 0.5, x1 = 1, σ0 = 0.1,

σ1 = 0.1, T0 = 1898K, Tmax = T0 − 200, T2 = T0 − 1000, κ = B/(CT0) = 32.667.
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V. CONCLUSION

In this paper, we have considered the effect of heating and cooling on the stability of

a highly viscous and thin Newtonian sheet of liquid drawn onto a moving substrate un-

der conditions of negligible inertial and gravity. Results of this paper have been presented

predominantly in the limit of large Stanton number (internal and external heat transfer

resistances are neglected), although the effect of heat transfer on presented results has been

examined. Compared with an isothermal configuration, the critical draw ratio can be in-

creased by many orders of magnitude depending on parameters of an imposed Gaussian

heating profile. The observed stability enhancement is found to be less sensitive to the

cooling profile after heating, although it does have a quantitative effect. We find that the

maximum stability of the liquid sheet occurs when the standard deviation of the Gaussian

region of heating is small compared with the length of the imposed heating zone. Our heat

transfer analysis shows that the Stanton Number must be on the order of 104 for precise

agreement with St → ∞ numerics. As in the case of cooling,25 there is a region of St over

which significant enhancement on the critical draw ratio can be achieved. That said, our

data shows that stability enhancements predicted without the heat transfer resistances are

realizable at moderate Stanton numbers.

VI. DATA AVAILABILITY

The data that support the findings of this study are available within the article.

Appendix A: Additional Heating Profiles

In addition to the Gaussian heating profile used throughout this paper, we have examined

other heating profiles. For all cases, we have found that a heating profile followed by cooling

enhances stability compared with temperature profiles in which cooling alone is utilized.

Figure A1a provides a plot of one such heating profile followed by the same cooling profile.

Here, we provide data here corresponding to a temperature profile for a modified Gaussian

with a flat top (a “Gaussian Hat” function). Figure A1b shows how the critical draw

ratio is affected by the hat width, hw. We see that the critical draw ratio of the Gaussian

Hat function with small hat width is larger than that for a pure Gaussian heating profile,
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although the benefit is ultimately lost for larger hat widths.

The Gaussian Hat function with hat width hw is expressed quantitatively as:

T (x) = T0 + (Tmax − T0) exp

(

−
(x− x0)

2

2σ2
0

)

, 0 ≤ x ≤ x0 (A.1a)

T (x) = Tmax, x0 ≤ x ≤ x0 + hw (A.1b)

T (x) = T0 + (Tmax − T0) exp

(

−
(x− x0 − hw)

2

2σ0

)

, x0 + hw ≤ x ≤ x1 (A.1c)

T (x) = T2 + (T1 − T2) exp

(

−
(x− x1)

2

2σ2
1

)

, x1 ≤ x ≤ 1 (A.1d)

where

T1 = T0 + (Tmax − T0) exp

(

−
(x1 − x0 − hw)

2

2σ2
0

)

. (A.1e)

FIG. A-1. Gaussian hat heating profiles followed by cooling, and corresponding draw ratio results.

A Gaussian heating profile is obtained when hw = 0. (a) Temperature profile given by (A.1) with

x0 = 0.2, x1 = 0.6, hw = 0.2, σ0 = 0.1, σ1 = 0.1, T0 = 1898, Tmax = T0 + 150 and T2 = T0 − 1000.

(b) Critical draw ratio, Dc, as a function of hat width, hw.

Appendix B: Shooting Method to Solve the Eigenvalue Problem

Here, we provide a formulation of the shooting method approach to find eigenvalues. As

stated in the main text, this is not a preferred method for finding eigenvalues when heating
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profiles are imposed on the liquid sheet, as all eigenvalues are not predicted at one time

as in the Chebyshev method — and errant conclusions about critical draw ratios may be

drawn (see Section II.C). This statement is supported by a comparison between results of

the two methods; additionally, we have established that the full Chebyshev spectrum can

be obtained by altering the initial guesses in the shooting method, and this also serves as a

self-consistency check on the Chebyshev numerics.

Let P = α,Q = φ,R = φx and µ̄ = 1/
∫ 1

0
ds
µ(s)

be the harmonic mean of the viscosity. We

write the eigenvalue problem given by (4) as:

dP

dx
= −λPe−βf(x) −R, (B.1a)

dQ

dx
= R, (B.1b)

dR

dx
=

1

µ(x)

(

−µxR + βµ̄λPe−βf(x)
)

, (B.1c)

with initial conditions

P (0) = 0, Q(0) = 0. (B.1d)

Since the system is linear, the eigenfunction is unique up to a scalar multiple. We set

R(0) = 1 to fix the norm of the eigenfunction and make the system (B.1) well posed.

The algorithm proceeds as follows. For any value of λ, we numerically integrate the

system to find Q(1). The value of Q(1) depends on λ so we define a function, F (λ) as

F (λ) = Q(1). (B.2)

The zeros of the equation F (λ) = 0 provide the eigenvalues, which are computed via the

secant iteration method, expressed here as

λn = λn−1 − F (λn−1)
λn−1 − λn−2

F (λn−1)− F (λn−2)
. (B.3)

We need two initial guesses, λ0 and λ1. As we see from typical spectra shown in Figure

3, the eigenvalues are complex, so at least one of the initial guesses must not be real. The

iteration terminates when the norm of F (λ) is less than a prescribed tolerance.
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Appendix C: Heat Transfer Model

The model equations in dimensionless form are given by (1) and (14) with viscosity

dependence (8a), rewritten here for ease of reference as a single system as:

ht + (hu)x = 0, (C.1a)

(µhux)x = 0, (C.1b)

θt + uθx = −St
θ − Ta

h(1 + (Bi/6)h)
, (C.1c)

µ(θ) = exp

(

κ

(

1

θ
− 1

))

. (C.1d)

B.C. h(0, t) = 1 = u(0, t) = θ(0, t), u(1, t) = D. (C.1e)

The parameters in (C.1) are the the Stanton number, St, the Biot number, Bi, the draw

ratio, D, and the viscosity parameter, κ, defined in (8f). The ambient temperature away

from the curtain, Ta(x), is given by (16).

The steady state solutions, h0, u0 and θ0 satisfy

(h0u0)x = 0 (C.2a)

(η(θ0)h0u0x)x = 0 (C.2b)

u0θ0x = −St
θ0 − Ta

h0(1 + (Bi/6)h0)
, (C.2c)

with boundary conditions

h0(0) = u0(0) = θ0(0) = 1 and u0(1) = D. (C.2d)

The solution of the system (C.2) is given by

h0 =
1

u0

(C.3a)

u′

0 =
u0f0
η(θ0)

(C.3b)

θ′0 = −St
θ0 − Ta

(1 + (Bi/6)h0)
, (C.3c)

with u0(0) = 1 and θ0(0) = 1. In (C.3b), f0 is constant of integration that is determined by

applying the boundary condition, u0(1) = D from (C.2d).
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Next, we perturb about the base state (C.3) as

h(x, t) =h0(1 +H(x)eλt), (C.4a)

u(x, t) =u0(1 + U(x)eλt), (C.4b)

θ(x, t) =θ0(1 + Θ(x)eλt). (C.4c)

where H(x), U(x) and Θ(x) are as of yet unknown functions and λ is the eigenvalue.

Linearized equations are obtained by substituting (C.4) into (C.1) and neglecting terms

quadratic or higher in the perturbed quantities to obtain

λH + u0(Hx + Ux) = 0, (C.5a)

(η(θ0)Ux)x + f0

(

Hx + Ux − κ

(

Θ

θ0

)

x

)

= 0, (C.5b)

λΘ+ u0Θx +
St

θ0h0(1 + (Bi/6)h0)
[

TaΘ− (θ0 − Ta)

(

U +
1 + (Bi/3)h0

1 + (Bi/6)h0

H

)]

= 0.

(C.5c)

The boundary conditions for the perturbation functions are:

H(0) = U(0) = Θ(0) = 0, and U(1) = 0. (C.5d)

Note that steady solutions depends on the draw ratio D. The critical draw ratio is obtained

numerically as described in the next section.

Appendix D: Chebyshev collocation method for heat transfer model

The critical draw ratio, Dc, is determined by solving the eigenvalue system (C.5) and the

criterion (4d). The eigenvalue problem (C.5) is written in the following form:











A11 A12 A13

A21 A22 A23

A31 A32 A33





















H

U

Θ











= λ











1 0 0

0 0 0

0 0 1





















H

U

Θ











(D.1a)

where

A11 = −u0
d

dx
, A12 = −u0

d

dx
, A13 = 0,
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A21 =
f0
η

d

dx
, A22 =

d2

dx2
+

(

f0
η

+
η′

η

)

d

dx
,

A23 = −
f0κ

η

d

dx

1

θ0
,

A31 =
St(θ0 − Ta)u0

θ0(1 + (Bi/6)h0)

(

1 + (Bi/3)h0

1 + (Bi/6)h0

)

,

A32 =
St(θ0 − Ta)u0

θ0(1 + (Bi/6)h0)
,

A33 = −
StTau0

θ0(1 + (Bi/6)h0)
− u0

d

dx

with

B.C. H(0) = 0, U(0) = 0, U(1) = 0, Θ(0) = 0. (D.1b)

As in the case of negligible heat transfer resistances implemented in section II C, we utilize

the Chebyshev collocation method14,29. To begin, we discretize the differential eigenvalue

system by representing the unknown continuous functions H, U and Θ as column vectors,

H =











H0

...

Hn











, U =











U0

...

Un











, Θ =











Θ0

...

Θn











(D.2)

where the as of yet undetermined vector components (Hi, Ui,Θi, i = 0, . . . , n) are to be

computed at the Chebyshev’s points, x0, . . . , xn,
29 of the domain, x ∈ [0, 1]. The operators

in (D.1a) are turned into matrices of order (n + 1) × (n + 1). The operators are either a

function or a function multiplying an operator. We turn the function into a diagonal matrix

of order (n+1) whose diagonal elements are the function values at the Chebyshev points of

the domain. For example, the operator A11 will become −diag(u0)Dx and A23 will become

−diag
(

f0κ

η

)

Dxdiag
(

1
θ0

)

. The second derivative operator d/dx2 becomes (Dx)
2. At the

Chebyshev’s points, equations (C.5a)-(C.5c) can be approximated by the matrix equations











A11 A12 A13

A21 A22 A23

A31 A32 A33





















H

U

Θ











= λ











I 0 0

0 0 0

0 0 I





















H

U

Θ











(D.3)

In discretized form, some slots of the column vectors H , U and Θ have known quantities

according from the boundary conditions (C.5d). In particular, we haveHn = H(0) = 0, Un =

U(0) = 0, U0 = U(1) = 0 and Θn = Θ(0) = 0. As a result, the (n + 1)th and (n + 2)th,
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(2n+2)th and (3n+3)th rows of the matrix equation (D.3) are ignored. The reduced system

can be placed in the form of Eq. (D.3) after modifying the matrices in MATLAB notation

as:

Ã11 = A11(1 : n, 1 : n), Ã12 = A12(1 : n, 2 : n), Ã13 = A13(1 : n, 1 : n), (D.4a)

Ã21 = A21(2 : n, 1 : n), Ã22 = A22(2 : n, 2 : n), Ã23 = A23(2 : n, 1 : n), (D.4b)

Ã31 = A31(1 : n, 1 : n), Ã32 = A22(1 : n, 2 : n), Ã33 = A33(1 : n, 1 : n), (D.4c)

B̃11 = eye(n, n), B̃12 = zeros(n, n− 1), B̃13 = zeros(n, n), (D.4d)

B̃21 = zeros(n− 1, n), B̃22 = zeros(n− 1, n− 1), B̃23 = zeros(n− 1, n), (D.4e)

B̃31 = zeros(n, n), B̃32 = zeros(n, n− 1), B̃33 = eye(n, n), (D.4f)

H̃ = H(1 : n), Ũ = U (2 : n) Θ̃ = Θ(1 : n). (D.4g)

Note that eq. (D.3) is a generalized eigenvalue problem with a singular right hand side; it can

be solved by the well-known QZ-algorithm20. We use [U,E] = eig(A,B, ’qz’) in MATLAB

to solve the modified system to obtain the eigenvectors, U , and eigenvalues, E.
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