First-Order Differential Equations

TYPE FORMAT METHOD

@ Separable | g(y)dy = h(x)dx | 1. Integrate both sides and the equation becomes
Gly)= Hx)+C
2. Solve the equation explicitly for y if possible.

General Example:

2
Solve 3yy’ = 1;26 ; y(0)=1 (separate variables)
Lody _ 143x* 143x7

2 _ ) . .
= oD e (3y* —6y)dy = (1 + 3x*)dx (now integrate both sides)

Thus, y2> —3y? =x+x3+ C (now find the value of C using y(0) = 1, [i.e., x =0,y = 1])
13-3-12=0+0%3+C yields ¢ = -2

Hence, y3 —3y? = x3 + x + 2, which cannot be solved explicitly fory. ®

7
Now you Solve & = (1 + y¥)tanx; y(0) =+/3
trv one. dx
TYPE FORMAT METHOD

Linear dy 1. Find the Integrating Factor: p(x) = e P()dx

dx TPy =q@) 2. The equation becomes u(x) -y = [ u(x) - q(x)dx
3. Perform the integration and solve for y by diving

“Linear Form” both sides of the equation by p(x).
General Example:
dy y . . . “le ) dy 1
Solve =t +1 with y(0) = e. First put into “linear form” - oo y=2x+1
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1
- 24 —inx

= e :x_l

Find the integration factor, u(x) = el Pdx = o

-1, -1y 1, -1 -1 _ -2, -1
Therefore, x ™ (x )xy—x (2x+1) or «x Xy =2+4x

dy

Note that, using the product rule, d(x~1y) = x™1 =

x7%y, sothat d(x~1y) = 2+ x"ldx
Integrating both sides yields x~'y = 2x + In|x|+c and, solving fory, y = 2x? + xIn|x| + Cx
Using initial conditions to solve for C: 0 = 2e? + elnle| + eC = 2e? +e+eC =0,50 C = —2e—1

Hence, y = 2x% + xIn|x| —2e — 1. &

Now you
trv one. Solve (x + y + 1)dx — dy = 0;
@ Exact M(x,y)dx + N(x,y)dy = 0 | 1. Wearelooking for a solution of the form F(x, y) =
C where
where Z—i = M(x,y) and Z—i = N(x,y), therefore

Fl,y) = [M(xy)dx+g(»)
0 2. g(y) is the constant of integration and can be found
v M(x,y) = P N(x,y) by differentiating both sides with respect to y,
y solving for g’ (y)and integrating to get g(y) =
[ [N(x, y) — ;—y (J M(x, y)dx)] dy (see example)
3. F(x,y) can be found by substituting the equation
found for g (y)back into the equation for F(x,y)
found in step 1 and performing the indicated
operations. The final solution is F(x,y) = C
4. If given initial conditions, C can be made explicit.

Note: The solution can also be found by starting with the
equation: F(x,y) = [ N(x,y)dy + h(x) and then
solving for h(x).

General Example: Solve (2xy —sec?x) + (x? + 2y)dy = 0 [given in proper form]

d(2xy-sec?x) 2% and a(x2+2y) _

.. take partial derivatives of each side: 3y ™

2X.

Since the two partial derivatives are equal, the differential equation is “exact”. Hence,

1. F(x,y)= [(2xy —sec’x)dx = x*y —tanx+ g(y) =C

RI-T

www.rit.edu/asc Page 2 of 4



http://www.rit.edu/asc

2 a(xz_ta;yx+g(y)) = A+ g'(y) =+ 2y

9 = f 2y dy = y?
3. Hence, F(x,y) = x?y —tanx + y? = C (implicit solution — cannot be solved for y)
Given initial condition y(0) =5,0?-y —tan0 + 52 = C yields C = 25.

~ x’y—tanx +y2 =251

Now you X(nr x -0 —

- Solve [e*(y — x)]dt + (1 + e¥)dy =0; y(0) =2
TYPE FORMAT METHOD

@ Homogeneous d_y _ (X) 1. Let v = 2 and rewrite the equation as v + x— =g)
Substitution dx 9 X 2. This equatlons is separable. Use that method to solve, then
substitute 2 - for v in the solution.
2 2
General Example: Solve Z—z = % First show this is homogeneous.

—=—+x—+z—z=1+(¥)+(§)2=1+v+v2 where v=%

. . N . d dv .
Since v = % , ¥ = vx and, taking the derivative of both sides, d—i =v+x = (to be substituted)

Z—z =v+ x% =1+4+v+v? which can be separated

[1+11;2] dv = E] dx and integrating both sides we get v = tan[In(x) + C]

- %= tan[In(x) + C] so y = xtan[ln(x) + C]. ®

Now you
trv one. _ 4y-3x

Solve: Find the implicit solution for & == 2y

Hints:
1. The integration will require partial fractions.

2. Begin by multiplying each term by i .
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TYPE FORMAT METHOD

@ Bernoulli dy + p(x)y = q(x)y" | 1-Letv =y"™" and rewrite the equation as (ﬁ)% +
Substitution | dx p(X)v = q(x)

2. This equation is linear. Use that method to solve, and then
substitute y*~™ for v in the solution.

General Example: Solve Z—z =xy 2-2y

First put this into the “form” of a linear equation: z—z +2y =xy~?

This is almost linear. The problem lies with the y 2.

3

Begin: v=y'""=y"02 =93 . p=1y3 isone substitution to be made, and

dv d d 1 dv . . .
v=y3 - Z=3y22 . 2= __ZT iqthe second substitution to be made.
dx dx dx 3yZdx
1 dv —2 . . . . dv
So, 37 dx + 2y = xy~“. Rearranging, we get the following linear equation to solve: - + 6v = 3x.
f6dx_ ,6x av . 6x 6x 6x d(ve® ) 6x
u(x) = e =e® . —-e® 4+ 6v-e® =3x-e ,so,fT=3fxe dx and

integrating by parts (do this now) you get ve®* = %xe“ — % e +C

1.1 _ 1.1 _ slt 1
v=-x——+Ce ™ o yl=-x——+Ce ™ y=\/—x——+Ce‘6x.I
12 2 12 2 12

Now you
d
trv one. Solve: X 4+¥=x2y2

SOLUTIONS

T[
A. y = tan [g—lnlcosxl]
B. y=—(x+2)+Ce*

_ xe*—e*+5
C. y= 1+e*
D. Type equation here.
2

E. y= 2cx—x3
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