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Abstract

This article applies novel results for infinite- and finite-horizon optimal control prob-
lems with nonlinear dynamics and constraints. We use the Valentine transformation
to convert a constrained optimal control problem into an unconstrained one and show
uniqueness of the value function to the corresponding Hamilton—Jacobi—Bellman
(HJB) equation. From there, we show how to approximate the solution of the initial
(in)finite-horizon problem with a family of solutions that is I"-convergent. Optimal
solutions are efficiently obtained via a solver based on Pontryagin’s Principle (PP). The
proposed methodology is demonstrated on the path planning problem using the full
nonlinear dynamics of an unmanned aerial vehicle (UAV) and autonomous underwater
vehicle (AUV) involving state constraints in 3D environments with obstacles.
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1 Introduction

Building upon the recent existence and uniqueness results regarding the Hamilton—
Jacobi-Bellman (HJB) equation [2], this article proposes a novel framework for
solving a general class of infinite- and finite-horizon optimal control problems with
constraints. The class of optimal problems considered herein includes dynamics of the
form x = a(¢, x) + b(t, x)u (additional structure mentioned in Sect.3) and perfor-
mance indices with locally bounded, Lipschitz and convex integral functions. Elliptic,
and therefore convex, state constraints are considered and handled via the Valentine
transformation. In addition, the admissible control signals belong to time-varying con-
vex sets.

We utilize the off-the-shelf software package DIDO [16, 20], built upon the
pseudo-spectral analysis and Pontryagin’s principle (PP), to numerically obtain tra-
jectories/controls starting from various initial positions. Since DIDO outputs at most
one trajectory/control per computation, in order to ensure the uniqueness of trajec-
tory/control for a given problem, we impose a smoothness condition on our model. In
anutshell, given a constrained optimal control problem, we extend earlier HIB results
devised for unconstrained problems and make a connection with PP to facilitate the
application of PP-based solvers.

The proposed framework revolves around infinite-horizon Bolza-type cost func-
tions with running costs exponentially decaying in time. This class of integral functions
leads to existence and uniqueness of the HJB solutions [2], and mitigates the HIB
solution-seeking process. We show I"-convergence of solutions with these cost func-
tions to the solutions of the original constrained problems whose running costs do not
have to decay exponentially in time. Essentially, we demonstrate how to employ our
infinite-horizon framework to approximate the original constrained optimal control
problems.

Prevalent approaches toward solving HIB are found in, among others, [1, 2, 7, 13,
15]. Owing to recent advances in computational power, a large portion of nowadays
approaches are based on Dynamic Programming (DP) such as Approximate Dynamic
Programming (ADP) and Reinforcement Learning (RL) [6]. ADP refers to model-
based approaches while RL refers to model-free approaches. It is to be noted that
the approach delineated herein is model-based. However, ADP and RL do not deal
well with constraints [13], but so-called soft constraints are typically imposed through
penalty terms in cost functions, which is yet another incentive behind our framework.
A somewhat more mature and more akin to our approach is Model Predictive Control
(MPC) [7]. However, optimality of MPC solutions is typically traded for computational
efficiency and stability guarantees. The present work aims for maintaining optimality
when resorting to numeric solutions of HIB.

This article is a comprehensive version of [23] and complements it in several direc-
tions. In particular, (a) dynamics for which the control uniqueness cannot be guaranteed
(but merely the value-function uniqueness) are taken into account (b) along with cor-
responding numerical examples involving autonomous robots (e.g., the AUV and
UAV), and (c) all mathematical proofs and pertaining discussions omitted from [23]
are enclosed here.
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The remainder of this article is organized as follows. Section2 introduces the uti-
lized notation and definitions. The infinite- and finite-horizon constrained optimal
control problems considered herein are formulated in Sect.3. Section4 proposes a
methodology to successfully solve the problems of interest. Section 5 establishes rela-
tions between solutions obtained in Sect. 4 and the original infinite- and finite-horizon
problems from Sect.3. Section 6 provides linear and nonlinear numerical examples.
The conclusions and future research avenues are in Sect.7. Appendix brings several
technical results aiding in article self-containment.

2 Preliminaries

Going forward, we use the following conventions. We denote by | - |, | - |cos | - |, and
(-, -) the Euclidean norm, the max norm, the matrix norm induced by the Euclidean
norm, and the inner product in R¥, respectively. For a nonempty set C C R¥, we denote
its closure by C and its boundary by dC. For a matrix M, we denote its Moore-Penrose
(left) inverse by M T,

For row vectors we use » = [r; ... ry,] and for column vectors we use r =
[r1; ...; rn.], where r;’s are scalars. When the argument of a function f : R — R
isarow vector r,itmeans f(r) = [f(r1) ... f(rn,)]. Likewise, for a column vector
r,we have f(r) = [f(r1); ...; f(rn.)] and I(r) be a diagonal matrix where the
diagonal entries are given by r. Unless stated otherwise, vectors are column vectors
by default.

Define the matrix £ € SO(3) such that for x € R3, we have

0 x3 —xp
x=|—-x3 0 x
xp —x1 0

Let S(x) € R%%?, where x € R3, be a block diagonal matrix with main diagonal
matrices £. For x € R?, define [x]3 € R¥*3 as

X1 X2 X3
[x]3 = | x4 x5 X6
X7 X8 X9

Let 7 and J be closed intervals in R. Let u be the Lebesgue measure. Denote by
L'(I; J) the set of all J-valued Lebesgue integrable functions on /. We say that
fe L}OC(I; Nif f e LY (K: J) for any compact subset K C 1. We denote by L,

the set of all functions f € L} ([0, 00); RT) such that limy ¢ sup{/, f(v)dt
J C [0,00), u(J) <o} =0. We say that a function is Clif it is continuous and has
continuous first derivatives in all variables. For a function f, denote f ¢ ), | € N, as the
I™ time derivative and { f ('} denote the finite sequence of time derivatives of f from
one to some order. Suppose g is a function such that its evaluation can be related to a
sequence, i.e., a series or a max/min function. Let g({s;}, K, v) be the corresponding

value, where {s;} is the given sequence, K is the length of the sequence, and v is
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a vector whose components represent scalars that may arise for the computation of
g({s1}, K, v). Note that the lengths of {s;} and v may be different.

Definition 2.1 A set-valued function G : R¥ ~~ R” is lower semicontinuous if, for all
x € R¥, Lim inf G(y) C G(x).
y—>x

Finally, we introduce a form of convergence for functionals.

Definition 2.2 Given a family of functionals {F,, : X x U — R} and a functional

F : X xU — R, we say that F,, I'-converges to F (denoted F}, L) F) if the
following hold:

1. Forevery (x, u) € X x U, there exists a sequence (x,, u,) such that, asn — +o0,
F(x,u) > limsup F,(x,, u,) and (x,, u,) — (x,u) “in some sense". (This will
be made precise later on.)

2. For every sequence (x,, u,) and (x, u#) such that (x,,u,) — (x,u) “in some
sense", as n — 400, we have F(x, u) < liminf F,(x,, u,).

2.1 Motivations for Using DIDO

To establish a connection between PP and HJB, we consider the method of character-
istics for first order nonlinear PDEs. For first order PDEs of the form

F(x,V,V,) =0, x € 2 C RN, 0
Vx)=V(x),x €082,

with a continuous function F : RV x R x R¥ — R and endpoint data V (x), one

can construct a solution V by solving the characteristic ODEs (substituting p = V;)

Xi=Fp, i=1,...,n,
V=2 piFp. @)
1

pi =—Fx, — Fypi,

with x(0) = y, V(0) = V(y), p(0) = V,(y) for y € 9£2. It can be shown ([15,
Section 7.2], [5, Chapter 8]) that the characteristic ODEs for HJB are the canonical
ODE:s for PP. It should be noted that the underlying derivation is based on sufficient
smoothness of all functions involved—including V being C'. Fortunately, character-
istic ODEs can still be used with weaker assumptions on V' ([15, Section 7.2], [5,
Chapter 8]).

A side motivation to connect PP and HJB is the following. Controls generated by
PP are, in general, open-loop, that is, u = u(t). Controls given by HJB, in contrast,
are closed-loop, that is, u = u(z, x). Consequently, the concept of real-time optimal
control (RTOC) can be used to transform an open-loop control, such as those con-
structed by DIDO, into a closed-loop control. The idea behind RTOC is to assume that
an open-loop control exists beforehand and then to account for nonzero computational
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time of the optimal trajectory (i.e., updates based on given data). Methods that could
be used to transform open-loop controls generated by DIDO into closed-loop controls
are found in [19, 21].

3 Problem Formulation

Before stating the problem, let us define our state space for ease of notation. Let
X,  RY,with Ny € {2, 3}, betheobstacle space and X,,; C R¥*Ns withk € NU{0},
be the free space; for k = 0, one has X,;; = @J. Let X = X x X, with both X; and
X5 as open, connected, and bounded sets whose cluster points fall within X or on 9X.
The dimension of X is equal to Ny = (k + 1) Ns. Here X represents the spatial region
in which a mobile vehicle moves — typically in 2- or 3-dimensions. X,,; represents the
space in which all other variables (i.e., velocities, rotations, etc.) are active. For vector
Xns (1) = [xns1(2); .5 x5k (1)] € X5, components x,,; () are of dimension Ny x 1.
We also take the functions ¢ > u(¢) to be measurable, admissible, and taking values
in U(r) ¢ RN« with U(¢) bounded for all 7 € [t, t/].
We consider the following optimal control problem:

x(1) =[xy (1); Xps (D] € X, u(t) € U(r) C RN,
(inf) TG0t xp.x.u) = E(x(tp). xp) + [ 1(s. x(5). u(s))ds 3

subject to
x =a(t,x)+ b, x)u,
ht < h(x),

x(ty) = xo,

where a : [t9, 1] x X — R&DNs and b : [19, 17] x X — REFDN>XNu gre defined

as follows for x = [xg; Xps15 - ..; Xusk] and some K, € N:
[ X1 ] [ Oy, xn, |
Xns2 ONS><NM
a(t,x) = : , b(t,x) = : , “4)
Xns(Ko—1) On, x N,
ag,(t, x) bk, (1, x)
_ae(t»x) i _be(t»x)_

with functions ag, : [f, t7] X X — RNs, ae: (1o, 1] x X — R*+1=Ko)#Ny bk, :
[to, 1] x X — RN>Nu and b, : [tg, t7] x X — REFI=Ko)xNoxNu pounded, Lip-
schitz continuous, and componentwise convex in x € X for almost all # > fy. Also,
we assume the dynamical system X = a(t, x) + b(t, x)u is controllable in X while
satisfying all state constraints (the role and actual value of K, will be made clear in
Sect. 4.1). It should be noted that many autonomous system models, such as AUV and
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UAV, follow this structure. Furthermore, U (¢) is a compact and convex subset of RNu
for each ¢.
Define h : Xy — R componentwise as

N, - N2
Xgj () — Xij
hi(xs)zz<+ s
=R
fori =1,...,n,, where X; = (X1, Xi2, ..., Xin,), ¥i = (ri1, ri2, ..., TiN,)

represents the center and principal axis lengths of an ellipsoid, respectively, and n,, rep-
resents the number of state constraints (that is, obstacles) in our model with n, > Nj.
The case for 0 < n, < N, will appear in future works. We define 4 componentwise
ash lL = (#; +d;)?, where #; relates to principle axis lengths of a given obstacle (i.e., if
the obstacle is a sphere, 7; is just the radius) and d; > 0 represents a buffer distance for
avoiding obstacles (for example, when mobile agents are represented merely as points,
d; takes into account their actual dimensions so as to avoid collisions). Without loss of
generality, it is also assumed that the obstacles are completely contained in X; (just cut
out the partially contained obstacles from X). For further clarification, the inequal-
ity constraint ht < h(x,) should be interpreted componentwise as hlL < hj(xy) for
i =1,...,n,. Atthis point we make an additional assumption on the vector by, (¢, x),
i.e., the vector {V,h(x;)bk, (t, x)}T, is convex and Lipschitz continuous in x.

Let (¢, x, u) be nonnegative, Lipschitz in x, uniformly continuous in u, lower
semicontinuous in ¢, bounded for all ¢ > fy, strictly convex in u, and coercive and
bounded from below in x and u. Note that since X and U (¢) are compact, [(, x, u)
is bounded for any feasible trajectory-control pair. The terminal cost E(-) for finite-
horizon problems is typically positive definite in x (¢ ) with respect to x y whereas it
is absent in infinite-horizon problems. Clearly, we allow ¢ to be finite or infinite. In
what follows, we seek to approximate a solution to problem (3) in a reasonable way.

4 Methodology

In order to approximate a solution to (3), we exploit the following auxiliary infinite-
horizon optimal control problem:

x(t) eX , ult) eU(),
(inf) Joo(to, X, u, \) = f,(‘j" F (s, x(s), u(s))ds

subject to 5)
x =a(t,x)+ b, x)u,
ht < h(x,),
x(tp) = xo,

for A > 0 where F; (¢, x, u) = I(t, x, u)e .
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4.1 Application to State-Constrained Problem

One can transform (5) into an unconstrained problem using the Valentine transforma-
tion [18, 22]. Consider a slack function « : [fg, 00) — R such that

~ 1
h(x(1)) + E(a(r»z =0, (©6)

where /1(x) = hy — h(x) and J(@(®))? = S[a1(1)?, ..., an, (). In [23], the
differential equation

d (- 1 2N
= (A + 3 @n?) =0, )
is rewritten as
Vh(x(®))(alt, x) + b(t, x)u) + I (a(t)a(t) =0, ®)

where /() is an n, x n, diagonal matrix with the main diagonal equal to «.
By the implicit function theorem, [23] writes the control u from (8) as u =
@D(t, x(t), a(t), a(r)) and defines a new control u# = &. This derivation is possible
in [23] due to K, = 1. In general, this might not be the case. For example, con-
sider the quadrotor example in Sect. 6.3 with one obstacle (for simplicity). Here, with
xs =[x; y; z] € R3, we have the following case:

L) = & (hr — (FOF)? 4 (M) 4 (2222

1

r 3
_ o x5 yo-5 w0z [m 0. M]
r11

11 12 r13

— | xO=% Y=y z()=z
- 11 12 13

* I(r—1.1)Xns1,

where I(r_1.1) = diag{rl_ll; ST A}X}. We note that the time derivative of / is not
an explicit function of the control (given in the example as 7, which is the notation
more common in the UAV community). In fact, getting an expression similar to (8)
for the quadrotor example requires the second time derivative of (6). For a general
application of the Valentine transformation, one differentiates (6) until the control
variable explicitly appears on the left hand side, that is,

7% (x (1)) + {terms involving &« (1), ..., K™D ()} + a () (1) = 0, (9)

with K, as the order of differentiation for which this happens (for the first time) and
such that 37 Ko) /du (the partial derivative of hKo) with respect to u) is nonzero. From
the definition of K,, we can replace &Ko) (x (1)) in (9) with A% (x(¢), u(r)). For a
more detailed derivation, we first show the case with n, = 1 and then follow with
the general case of n, obstacles. This is possible due to the fact that the number of
obstacles involved is of no concern to the application of the Valentine transformation
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(the conditionof n, > Nj is necessary for convexity conditions in the proof of Theorem
4.1). First, consider the term /%) (x, u), which is in fact reduced to 2K (x, u) =
_h(Ku)(x’ u).

Next,

B

—hKo) (x, u) = —

“)(=2))

CoNEKeh O
0) (%) (%) )(General Leibniz Rule)

~.

N
e

Hr

<
T~
[ N
By

<l

S|

=

s

=5

Il
|
~.

M=
I M=
LMe

,—1 _\ (Ko—D) _\D - (Ko) 10
_ 5 S~ (Ko [ Xsim%i Xgj = Xj Xsj =X\ ) (10)
a jZ i=1 (Z)< " ) ( r” > +2( " ) 1 )

=zl

s (g \ 2K Kol X N (3 (Ko=) P @)
— _ si=%j N\ Xsi o 5j —Xj 5j—Xj
=2, ( m ) r” zzl (I)Zl( r” ) < " )
= = j:

= —Vh(x,)(ak, (t, x) + bg, (t, V)u) — G ("} K, r),

~
|
—_

where

Gs({x"}; Ko, 11)

3 (Ko—1)
2 ¥ ('i“)(xs(KFI), Iz(rfl;l)xs(l)), K, is odd,
_ =i
= L Ko—1
1 1 2’2
(%Iig”)<x.§zl(0), Iz(r_1;1)xs(2K”)>+2 121 (1?’)<xs(K"71), 12(r—1;1)x.c(1)>, K, is even.
Similarly,
dfe 1 (K») Oy,
_dtK0 506([) =a()a (t)+Ga({a }’Ko) (an
with
$(Ko—1)
: Ko\ o (Ko—D) (D i
> (5)aKemDg®, K, is odd,
Go(f); Kp) =1 !

Lg,—1

7 8o

%(llig )(a(%K(,))z + X2 (Ii")a(K"_l)Ol(l), K, is even,
2 =1

and combining (10) and (11) gives us

—Vh(x)(ak, (1, x) + bk, (t, x)u) — Gs((xP}; Ky, 1)
+Go({aV}); Kp) + a(n)a® (1) = 0. (12)

For general n,,, we define the following matrices fort > tg andi € {1, ..., n,}:

e o ¢ R"% gsuch that «? = [oz%l);...;a,(,lo)], o = o, and @
=[a; Vs ... @Ko=D],
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e D(x (1)) € R™*Ns guch that

Xy (1) — Xij
2

Dij(xs(1)) = 2( ) = B4y, i (x, (1),

rij
° 85({Xs(~l)(l)}; K,, r) € R" where
72O _ . ,
G i (P 0): Kou 1) = Go(xP(0): Kou 1),
° E)a(?; K,) € R" where
% —
G ai(@;Ko) = Ga(la"}or s K.

As in [23], we express u = D (¢, x, E), i) with new control i1 = aKo) and derive
@ from the generalized version of (12) as

u = {D(x)bg, (t, )}

— — » (13)
(=D (xy)ak, (t, x) — G (X"} Ko) + G o(@; K,) + 1(@)id).
With notation @ = [o; B1s .. .5 Bk,—1], we reach the following unconstrained
problem
x@), @) eXxA, aeU(t,x,a)CRw,
inf Joo(to, x, 8 3) = 7 Fi(s, x(6), @ (), 4(5)ds (14)
X, U
such that
X =a(t,x)+bt, )P, x, A, i),
a=p,
B1 = B,
Bk,—1 = i,
x(t0) = xo, (15)
a(to) =/ =2h(xp).
Bi(10) = —h(xo)/a(10),
Ba(to) = —(BF(to) + h(x0))/ec(to),
where A c REKom and Fk(t,x,a),ﬁ) = F(t,x, D, x, 7,12)). Here we note

that a(tp) # 0O and that the expressions for «, B1, B2, and the like are interpreted
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componentwise. We also define the corresponding Hamiltonian

I:I(t,x,a),ﬁ,p)
= F(t,x, 0, @)+ (p. [ft.x. & i); (B ...: Br,—1: @l]).  (16)

From here, the following theorem can be applied with F 5 and f (t, x, E), i) =
a(t,x) +b(t,x) O(t, x, o, i) in place of F) and f(t, x,u) := a(t, x) + b(t, x)u,
respectively. Observe that in both necessity and sufficiency, the existence of a global
minimizer i for H is a condition of interest. In general, while existence can be estab-
lished through some effort, uniqueness is not guaranteed.

Remark 4.1 It should be noted that above equations (6), (8), (9), and (12) hold along the
trajectories with further details held in [18, 22]. Also, observe that for/,a and b satisfy-
ing the assumptions from Sect 3, the function I(¢, x, &, i1) = [(t, x, D(t, x, &, il))
is convex and Lipschitz in (x, &) and strictly convex in ii. Consequently, F; inherits
the favorable properties of F).

Remark 4.2 1t is possible that a symmetric obstacle configuration exists such that
multiple optimal control/trajectory pairs could exist for a particular example of (5).
We note that although the map @ is affine in u, the Valentine transformation that
changes (5) into (14)—(15) can allow for the multiple optimal pairs possible in a given
example of (5) to be represented by the unique optimal pair for corresponding (14)—
(15) via restrictions, projections, etc. (Further details will be included in the upcoming
work.)

4.2 Weak Solutions to HJB

We now present the main theorem of this article, which establishes a unique weak
solution of the HIB equation in the class of lower semicontinuous functions vanishing
at infinity. For our purposes, the HIB equation is given as follows

—V(t,x, &) +sup H(t,x, &, ii, =V, 5 V(t.x, @) =0, on(0,00) x X x A,

el (17
lim sup 2 o IV Bl =0,

Theorem 4.1 For the HJB equation derived from (14)~(15), there exists a unique
viscosity solutlon 1% vanishing at infinity. In addition, if H is continuous and convex
ini, U (t,x, o ) is a compact and convex set and K, = 1, then there exists a unique
control 1.

Proof In this proof, we first establish uniqueness of 1% by showing that (14)—(15)
satisfies a set of assumptions and by using a proof in the style of Proposition 2 from
the Appendix. Afterward, we establish existence and uniqueness of the control it based
on the properties of the Hamiltonian H.

Existence and Uniqueness of the viscosity solution 1%
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For existence and uniqueness of V', we check our problem against the assumptions
required in Proposition 2.

Al

A2

A3

We note that both f and F, are continuous in (, i) forall x € X, & € A and
thus Lebesgue-Borel measurable in those arguments. For ¢ € L'([0, 00): R), let

us choose ¢ (t) = [_e™ wherel_ = 1nf \[(t,x,d, i)
(t,x, o )

We need to establish a growth bound for a.e. 7 > 0 and for all (x, W) eX x A,
u() € U@, x, 7). First, we rewrite the dynamics f~0r easier computation of
bounds. From (13), we rewrite the dynamic function f as

ft,x, @, 0) = At,x, &)+ B(t, x, &)ii(r), (18)
where
At,x, @) = a(t, x) + b(t, x){D(xs)bg, (1, x)}
2 e D . —.
[~ G e O): Kow 1) + Gu(@ 5 Ko) = Dlxy)a, (1, ) |
and

B(t,x, @) = b(t, X){D(xs)bg, (2, Y I (@).

Going forward, we note that f is bounded in all arguments (a.e. in t); thus, we
have

|, x, @, i) < K1+ |(x, @) (19)
Next,
|Folt,x, @, i) < sup |I(t,x, @, i)e™,
(x, @ .i) R (20)
= Kp @O0+ |(x, o)),
where K 7 () := sup |l~(t,x, o, it)|e*". Thus, wetake c € L}Oc([O, 00); R1)
- (.9 il)
as

c(t) = Kf(t) + KFA(I).

Define set-valued maps ]—'(t X, @) = {f(t x, &, i) aeU,x, a)} and
L(t X, a) = {Fx(t x, d, u) U € U(t X, a)} Since the functions f and
F;L are continuous for (x, o ) € X x A and ¢ a.e., one has that the maps F
and £ are continuous. To show the closedness of images, consider the sequence

{(xp, @)} C X x A that converges to a point (x, 70?) € X x A. Itis clear that

F(t,xp, @ ) > F(t, 5, d),
i)
X, 0

‘C(taxna n) - E(t
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Convexity of the set
(f(t,x,d,i); F(t,x, @, i) +r):ieUt,x, d),r>0)

in (i, r) follows from the convexity of f and Fj in i and the affine relationship
of r.

A4 To satisfy the assumption A4 of Proposition 2, we break this item into ﬁnding
suitable bounds for F, and f First, fix t and it € U (¢, x, @ ). Next, for (x, @ 1)
and (y, o W), we proceed with the bounds on F;. With the assumptlons onl, we
have | F (1, x, @ 1, i) — Fo.(t, y, @2, )] < Kp (D(x, @1) — (v, @2)].

In order to establish the appropriate bounds on f , we consider similar bounds on
the matrix-valued functions A and B as given in A2. We note that since a and b
are Lipschitz and bounded in x for a.e. t > fg, we can establish Lipschitz bounds
for A of the form

|AG, X, @ 1) = At y, @)l < KaOl(x, @) — (0, @)l
For the function B, we have
(Bt x, @ 1) = B(t, y, d2)a(n)] < Kp0)iip|(x, @ 1) — (v, D).
Here 1), = sup |i| is justified due to a coercivity argument similar to the proof
uelU

of Theorem 7.4.6 in [8] using point A2 and coercive properties of F in .
Thus, we conclude

f@x, @ a) = f@,y. o)l < Cr0I, @)~ @)l 2D
where Cf(t) = KA(t) + Kp(t)up. In other words, A4 is satisfied with
k(t) = Ky()e™ + C(0).
A5 Toshow thatk € L;,., we note that the suprema of K i), Ka(t), and Kp (1) are

finite. Thus we can say k(¢) < 3 * max{sup K;(t), sup Ka(t), sup Kp ()it} =
t 13 t

K.For J C [tg, 00) and o € [1g, 00), we have

/k(r)dt < Ku(J),
J

sup /k(t)dr < sup Ku(J). (22)
{(Jin())=a}JJ {J:n(J)=o}
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Letting o approach zero shows that the RHS of (22) approaches zero and thus
k € L. Moreover, we get

Ll e + k(mydr < K= + 1 [ e(r)dr 3
< (K + cmax)(1 + tTO)
As t approaches infinity, we note that the right-hand side of (23) is finite.

A6 We know from A2 that for t > 0, closed set X, and all x € 9%, it follows that
If(l X, &L )|+ [ Fut,x, @ L )] < c(t)(1+ %), where %, = sup{|(x, o)) :
(x, @) € 0X x dA}. Takmg the supremum over ii € U yields the assumption
A6 with g(t) = c(t)(1 4 xp,).

A7 By the structure of F;, the assumption A7 readily follows.

A8 The idea of A8 is to show that for a point (x, E)) € 0X x 0A, there exists a
trajectory that lies in the interior of X x A such that (x, @) is reached. Prior to
problem (14)—(15), we assumed that the dynamics X = a(t, x) + b(t, x)u are
controllable (which satisfies A8 for (5)). Now we need to show that the control-
lability property holds also for x = f (¢, x, o , ii). Let us note that & (1, x, &, -)
is a closed map (in the fourth variable). Since @ is a closed map in # and the
original dynamics are controllable, there exists a control u# such that one can
reach some final position xy € dX with a trajectory in the interior of X whose

dynamics are governed by f .

Having established the assumptlons Al-A8, it suffices to show that the value func-
tion V(t X, (x) = ft l(s X, a i) e *ds has the following properties: (i) V is

lower semicontinuous, (ii) Dom V(t, ,+) # (0 for all large ¢ > 19, and (iii)

lim sup IV, y, B)| =0.
— 00 A
(y,8)eDom V(z,-,)

We know that [ is at least lower semicontinuous~ inf, x and @ and thus (i)
is satisfied (e.g., see Remark 4.1). Similarly, since / is bounded and defined in all
necessary arguments, we have (ii). For (iii),

o0
lim sup IV(t,y, B) < lim f [ e ds,
11— 00 ~ 11— o0

(y,8)eDom V(z,-,-) 4

wherel; = sup |I(t,x, @, )| Itis clear that the RHS converges to zero as 1 — 00
(t.x, )

and thus we establish (ii7). From here, we apply Proposition 2 with (1) =— (2) and
have the value function V as the unique viscosity solution.

Existence and Uniqueness of i

Existence and uniqueness of # depends on the structure of H and U (t, x, E)).
First we show continuity and strict convexity of H in i. Both of these conditions are
connected to the continuity and convexity of @ in u. We note that function @ is affine
in i for all (¢, x, @) and thus continuous and convex in i. By definitions of F and
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£, we know that F;_ is strictly convex and f convex in ii. Both functions are also
continuous in . As a result, H is continuous and strictly convex in u. When K, = 1,
compactness and convexity of U(t, x, @) can be established (see ([23], Lemma 1))
and H admits a unique minimizer &. This concludes the proof. O

Remark 4.3 Note that the classical necessary and sufficient conditions for existence
of solutions to (5) without constraints can be expressed through PP ([15, pp. 102-
103]) and HIB ([15, pp. 165]), respectively. We stress that the presented existence and
uniqueness results are applied to problem (14)—(15) rather than problem (5).

5 Solving the Original Problem
5.1 Convergence to Original Infinite-Horizon Problem

Up to this point, we have analyzed (5). Now we show how to exploit (5) to solve
the infinite-horizon version of (3), that is, we set fy = 0o and E(x(ty),xy) = 0 in
(3). Recall that it is possible that non-unique trajectory/control pairs {(X, )} exist
that solve infinite-horizon (3). Given (x;, u,) as a solution of (5) as guaranteed by
Theorem 4.1, we establish the conditions on (x;, u; ) to be a sufficient approximation
for a solution of infinite-horizon (3).

Proposition 1 Consider the set of cost functions {J» : X x U(t) x [0,00) — R},
where Joo(x, u, ) = ftso I(s, x(s), u(s)) e~ ds with dynamics and constraints from

(5) and Jso(x,u,0) = ftooo 1(s, x(s),u(s))ds (i.e., the cost function for the infinite-
horizon variant of (3)). Let (x;, u,) be the associated trajectory/control pair that
minimizes Joo(x,u,\) and l(t, x, u) satisfy the conditions posed in Sect. 3. Then

r
Joo(x, 1, A) = Joo(x, u, 0) and there exists a trajectory/control pair (x*, u™) such
that (x;, u;) — (x*, u®) uniformly and (x*, u™*) solves the infinite-horizon problem

(3)

Proof To show I"—convergence of J(x, u, 1), we consider the standard arguments
based on Definition 2.2. Since e < 1 for A € [0, 00), we know

L(t, x (), u(t))e ™ < 1(t, x(t), u(t))

and thus

/ool(s,x(s), u(s))e *ds < /wl(s,x(s), u(s))ds.
fo

fo

From here, it is clear that

J(x, u, O) Z Jsup(-xv M) = llm Sup J(xl,Ev ul,e, E) (24)

e—0

for some sequence (xq¢(t), u1e(t)) — (x(¢), u(t)) uniformly. To show the sec-
ond inequality, we give the following argument. Given A, — 0, (x, u#) such that
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J(x,u,0) < oo, and (x,, u,) — (x, u) uniformly, then since / is nonnegative and
continuous, we have forty < T < 00

T

/OO e_)””tl(ta Xn(t), Mn(t))d[ > f e—)»ntl([, .Xn(t), un(t))dt.
fo

0]

The uniform convergence of (x,, u,) to (x, u) on [fy, T], A, — 0 and the continuity
of [, yield

n—o0

T T
/ ei)‘”tl(t, Xn (), un())dt — I(t, x(t), u(t))dt
0]

0]
which means that

T

liminf/.ooef)‘”’l(t,xn(t),un(t))dtz/ I(t, x(t), u(r))dr.
n 1

fo

Then with 7 — o0, one has

o0
J (x,u) = liminf/ e Mt xp (1), un(0))dt > J(x,u,0).
n

4]

Third, we show that there exists a compact set C with (inf) J(x,u,e) =
XU
( in)f c J(x,u,€) as € > 0. We note that, by the properties of the function
X,U)E
I(t, x(t), u(t)) and the set X x U(t), J(x, u, €) is a bounded function. Thus for each
€ > 0, we can always find such a set C.

Owing to the previous part of the proof and since x = a(t, x) + b(t, x)u is con-
trollable, there exists a pair (x*, u*) such that ftooo I(s, x*(s), u*(s))ds is finite and
minimal. By Theorem 4.1, for A > 0, there exists an optimal trajectory/control pair
(x5, uy) that solves the corresponding optimal control problem (5) with the corre-
sponding A value.

Since J(x, u, ) £> J(x,u,0) and each pair (x;, u;) minimizes J(x, u, 1) for a
given A, we reach (x;, u;) — (x*, u™) [11, Corollary 7.24]. O

Remark 5.1 One can interpret Proposition 1 as the result of when A — 0 in the sense
that we are determining the efficacy of (x;, u;) when the cost function lacks the
exponential decay in time (i.e., . = 0).

Remark 5.2 Our approach is similar to the vanishing discount method of ergodic con-
trol theory. In [3] and [4], one requires constructing a Lyapunov function to show
precompactness of the family of cost functions J = {J« (-, -, A)}. In short, one must
rely on the dynamics of the problem (typically a stochastic differential equation [9])
to obtain convergence for J and thus {(x,, u;)}. In our results, once Theorem 4.1 is
applied, convergence only depends on the properties of J. With respect to state con-
strained problems [17], additional assumptions are required on the constraints. In this
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paper, state constraints are handled via the Valentine transformation and the results of
Theorem 4.1, rather than with I"-convergence. It should be noted that I"-convergence
can be used independently of any control framework, i.e., the behavior of a family
functionals and their respective minimizers.

5.2 Approximation of Original Finite-Time Problem

For many practical problems, finite-horizon formulations are of interest, that is, 7
is finite and E(-) # 0 in (3). Essentially, we wish to form a relation between the
infinite-time horizon problem (5) and the finite-time version of problem (3). Consider
the new running cost functional I’ (¢, x, u, A) defined as

I(t, x,u)e ™ if t € [tg, t/],

y(t, u, VEx(ty), xp)e ™ if t > tg, (25)

Ut x,u,A) = {

and thus

S Vs, x(5), u(s), M)ds o

= jt;fz(s,x(s),u(s))e*“ds +f,<;° y(s,u, NE(x(tp), xp)e *ds. (26)
We choose y (t, u, A) such that Theorem 4.1 holds and Proposition 1 is satisfied with
the necessary modifications (e.g., restriction of one’s interest to the interval [fo, 7]).
For example, we use the expression y (u, A) = re*f (uT Ryu + 1), where R; is a
positive definite matrix. In general, the function y is not unique, so its choice is to
personal preference. In order to assess the proposed approximation numerically, we
consider the function

Joo(to, X, 4, 0) — J(to, tp, Xp, X, 0
ED()\,,lf):=|OO(0 i, 1) (to, ty, Xp, X, )]

— (27)
J(to, ty, Xy, X, )

with (X, &) as the trajectory/control pair which minimizes J. The function Ep acts
as a (relative) error function between the given cost function J and the infinite-horizon
approximation Jo.

6 Examples

Suppose we have a bounded and convex set X as defined before. We want an
autonomous agent to reach a final state xy € X starting from an initial state xo € X
while minimizing some cost and staying within X. In addition, X may contain obsta-
cles that the autonomous agent must avoid and there may be constraints imposed on
the motion (e.g., related to agent path, velocity, or acceleration) and performance of the
autonomous agent (e.g., time required to traverse X, fuel usage). This section deals
with numerical results regarding computation of solutions for such optimal control
problems using DIDO. We introduce three path planning examples corresponding to
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Path Planning 2D Control
= v
E T
< / =
// =
x4 (m) t(s)

Fig. 1 State trajectories satisfy the elliptical constraints (left) and control signal

constrained LQR, full nonlinear UAV dynamics, and dynamics related to the AUV.
In addition we include finite-time applications and calculations of the suitable error
function Ep. For computation purposes, we use MATLAB R2018b on a PC using
Windows 10, equipped with a 2.10GHz Intel(R) Xeon(R) Silver 4110 CPU.

6.1 Optimal Path Planning for a LQR Type Problem with Constraints

Let us consider the following LQR problem
(inf) J(t0, ty, X, u) = /‘tgf x(5)T Ox(s) + u(s)T Ru(s)ds (28)
X,Uu

subject to

x(t) = Ax(t) + Bu(t), (29)
(x(10), x(17)) = (x0, xr).

We define Joo (o, X, 1, 1) 1= ftso(x(s)TQx(s)—i—u(s)TRu(s))e’“ds and use this in

the definition of Ep.

We select the following values: A = [0 1;2 — 1], B=1[0; 1], Q =[1 0;0 0.25],
R =0.5,x9 = [4; 4], and x y = [0; 0]. We alsoinclude constraints U (¢) = {u(t) € R :
—20 < u(r) <20}, hi(x() = (x1(t) —2)* + (x2(1) — D2, ha(x(1)) = (%)2 +
(x2(t) — D2, AL =[1.1; 1.1].

We notice from Fig. 1.a that the given trajectory satisfies the imposed state con-
straints and, from Fig. 1.b, we see that the control signal is confined to [—20, 20]. The
somewhat unusual path in Fig. 1 stems from the dynamics of the problem given by
(28)—(29). We include values comparing infinite- and finite-horizon LQR with obsta-
cles. For the finite-time problem, let us choose ty = 6s as the transient duration is
about 6.9s. In addition, we consider Ry = 0.01 in our choice for y. For infinite-time
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Table 1 Relations between A,

Ep(x,ty), and computational Ep@.1p) Runtime (3
runtimes 1 0.3471 11.36

10~1 0.05 6.86

102 5.4e—03 6.61

1073 7.8e—04 6.53

10~4 3.2e—04 6.31

problem, we calculate J, directly with I’(z, x(¢), u(t), 1) as defined in (26). Resulting
calculations are found in Table 1. As demonstrated, the smaller the value of A, the
more accurate approximation is obtained, which is in accordance with Sect. 5.2.

6.2 Optimal Path Planning for a Fully Nonlinear Model of an AUV in 3D with
Obstacles

With respect to the more common notation of rigid-body models found in literature,
this example uses w for the state and 7 for control u. Consider the problem

nf (o, 17, 0, 7) = [ 0" Qo(s) + ()" Rr(s)ds (30)
w,T
subject to
Wy = m_l(ajﬁai) — Dyws + 15),
oy = ]Eé((ICGwr)(wr) — Dywy +77), (€29)
(w(t0), w(ty)) = (wo, wy),
with w = [ws; ;] and T = [75; 7] where wy; = [x;y;z] € R3 represents the

translation states, w, = [p; 0; ¥] € [—m, 7P represents the rotation states (measured
inradians) and controls 7y, T, € R3. We define m as the mass of the AUV, 3 x 3 matrices
Dy, D, are damping matrices, and Ic¢ is the inertia matrix which is symmetric and
positive definite of the form

Iy _Ixy _Ixz

Icg =|—Lx I, —Iy

I =1 I

We also include constraints
i >2+(y1¥>2+( 2> 1,
(* )2+(y1 12 4 (32 )221,
) g5 ) (32)

(7= ) + (55 2] + (5% ) > 1,
(5 + (52 7)2+( 52> 1.
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X-Translation Roll Angle
E- : -
x : e T @ o
t(s) t(s)
Y-Translation Pitch Angle
. e . s S e ===
_ —Finite Time s — — Finite Time
E --A=1 S\ . x=
> e B e 06 N =
S - A=01 o, oos --A=0.1
L T : b
Z-Translation
Ef g

Fig.2 Translations of AUV (left) and angles of AUV for a, = 50

We define constraints (32) in the form I~ (hy)h(xs) > I~Y(hp)hy for ease of
numerical computation and similarly do so for the remaining example. Furthermore,
hp = [1.72; 1.7%,2.7%; 2.72] is understood with d; = 0.7 (0.5 accounts for the radius
of AUV, 0.2 gives additional buffing from obstacles; all values are given in meters).
Define spaces X = [0, 101? x [—7, 7]° and U(t) =[50, 501°. We set values 0=
diag{13x1: 503x1}, R = diag{l1; 10; 10; 1;5; 10}, m = 10, I, = I, = 3.45, I, =
Ly=-128x10"1°1, =22, I,y = Iy, = I,; = I, = 0, Dy = diag{0.1; 5; 5},
D, = diag{5;5; 0.1}, wp = [103%1; 03x1], and w; = Ogx . The values for matrix
Icg are taken from the specifications in [10].

For finite-time problem approximation, we choose fy = 10 and also take into
consideration the number of algorithm nodes (a,) used for calculation with DIDO.
In DIDO, ay, relates to the discretization of the time interval [#g, ¢ 7] for computation
of cost function J(#y, tf, , 7). Since model (30)—(31) has E(x(tr), xy) = 0, the
choice of function y is unnecessary. However, for completeness, we take y (¢, u, 1) =
27 (uT Ryu + 1) with matrix R, = 0.02/.

Simulation results for the path planing problem in 3D with 4 obstacles for an
AUV are shown in Figs.2 and 3. As we observe in Fig.2, as A approaches 0, both
translations and rotations converge to the resulting finite-time behavior. This behavior
is also reflected in Table 2 with respect to Ep for both @, = 50 and a,, = 20.

6.3 Optimal Path Planning for a Fully Nonlinear Model of an UAV in 3D with
Obstacles

Previously, we considered examples where uniqueness of control could be established,
i.e., K, = 1. Now, we look at example in which that is not guaranteed. Consider the
quadrotor example derived from [14]:

(i}n{) J(to, tf, @, T) = a)g} O rwsr + ft;f o) T Qw(s) + t(s)T Rt(s)ds (33)
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AUV Trajectory

z (m)

Fig.3 Finite-time trajectory of AUV for a,;, = 50

subject to

Wy = Wy,
Wy = gesz — m_le,r,
oy = S(wp)or, (34)

Wy = 155 ((TcGor) (@) + AT),
(w(t0), w(tf)) = (wo, wf).

Here w = [wy; wy; or; @] With g as defined in the previous example, @, € R3 asthe
translational velocities, w, € [—1, 1]° as the rotational states, w,, = [o; o; lﬁ] eR3
as angular velocities and control 7 € R*. Furthermore, g is acceleration due to gravity
(in m/s2), M,, is a3 x4 matrix with columns M,,, (:, i) = [w,]3e3 fori € {1, 2, 3, 4},
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Table 2 Relations between A,

Ep(x,ty), and computational an =50 n =20
mmlmzeos with a, = 50 and by EpGhty)  muntime[s]  Ep(i,r;)  Runtime [s]
an = 0.86 304.55 0.87 60.81

10-! 015 160.61 0.31 46.5

1072 0.02 166.06 3.54e—02  30.39

1073 203 157.81 3.6e—03 39.5

1074 177e—04 18252 573e—02 3891

e3 = [0;0; 1] and A is 3 x 4 matrix of the form

0 -d 0 d
A=|d 0 —dO|,
—c ¢ —cc

with d as the distance from the center of mass to the center of each rotor (in xy—plane)
and nonzero constant c.
The given constraints for this example are

)+ (7 >2+<Z 2)?
( >2+( >2+( 2)?
(= >2+< 7)2 (1_7)2

IV IV IV

1
1, (35)
1

We take some time to explain the structure of w, dynamics. In usual quadrotor
models, the rotation states - pitch, roll, and yaw - are represented in a standard rotation
matrix R(p, 0, ¥). Unfortunately, the modeling dynamics for (p, 8, ) in this form is
quite complicated. To work around this, we instead work with a quaternion variant of
this rotation matrix. This allows the rotation dynamics to be written as linear system
in the new rotation states - see w, dynamics. To recover p, 0, and ¥, we can use a
suitable transformation that relates to w,. For more information, see ([12], Sections
2.2.3-2.2.4).

In addition, we relate the dimension of the control for the quadrotor to that of the
AUV. In standard literature, systems are modeled with six control inputs. We note that
in the previous example, T has six components whereas quadrotor has four inputs. To
coincide with the norm, we notice that we can define a new control T,y = [Ty T,/] €
RO, where 7, = Myt and 7, = At.

Define spaces X = [0, 1013 x [=20, 20® x [—1, 1]° x [—207, 207 ]? and U@) =
[—50, 501*. We set values m = 4.34(kg), g = 9.8(m/s?), d = 0.315(m), ¢ =
8.004 x 107*(m), Q5 = I3, Q = diag{0.13x1: 1315 0913 0.53,1}, R = 1(0.541),
L =2x1073,1, = 8451072, 1, = 0.1377, Iy, = Ly = Ly = Iyx = Iy, = I,y =
0, wso = 05 10; 10], wgr = [10; 0; O], wyo = wyy = 03x1, [wrol3 = [wyr]3 = I3,
and w0 = Wryf = 0351.

For finite-time problem approximation, we choose 7y = 4. Unlike the previous
examples, here we have a nonzero endpoint function. Thus, we choose matrix Ry =
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Table 3 Relations between A,

Ep(x,ty), and computational an =50
runtimes with a,;, = 50 A EpQut f) Runtime [s]
0.74 146.7
107! 0.14 115.59
102 1.52¢—2 12431
1073 1.4e—3 112.34

Fig.4 Optimal trajectory of a full nonlinear model of the quadrotor in 3D with obstacles

0.214 and notice behavior (Fig. 4 and Table 3) similar to the previous example. We
note that model (33)—(35) has K, = 2 (see Sect. 4.1). As thus, uniqueness of i cannot
be guaranteed for any of the A—approximations of (33)—(35). For more details, see

Remark 4.2.
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7 Conclusions and Future Work

We have extended uniqueness and existence results from [23] for a class of optimal
control problem with constraints employing results for the HIB equation and Pontrya-
gin’s Principle as well as the use of I"-convergence.

The principal research avenue is to investigate stability and robustness of the solu-
tions obtained via the proposed framework. In other words, we do not want to a priori
assume that the trajectories live in a bounded set, but the trajectory boundedness for
initial conditions of interest ought to be obtained via the proposed optimization. Also,
we plan to extend current results to a coverage problem for autonomous agents with
sensors such as cameras, sonars or lidars. We may also consider dynamic obstacles
(e.g., agents that intersect with floating debris or local wildlife).
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Appendix

In order to make this article as self-contained as possible and for the reader’s con-
venience, we establish some additional notation needed for this section. Let B, (x)
be the closed ball in R¥ of radius » > 0 centered at x € R¥. For a nonempty set
C C R¥, we denote its convex hull by co(C).The negative polar cone of C is defined
as C~ :={p € RF: (p,¢) < Oforall c € C}. Denote the set distance from x € R¥
to C by dc(x) :=inf{|x —y|: y € C}.

For a nonempty set C C R, collection of nonempty subsets {Cy,}yec,, and wy €
Cy, let

Lim sup C, = {v € R*: liminf dc, (v) = 0}
w—wo w—wo

and

Lim inf C, = {veR": limsup dc, (v) = 0}.

w—>w(o w—wo
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For x € C define T¢c(x) := {v € RF : 1}1m2)1}rf da(x + hv)/h = 0} and N¢c(x) =

Lim sup Tc¢(y)~ . Finally, denote the epigraph of a function ¢ as epi ¢.
y—>C*
Below we state the necessary assumptions and proposition required for the proof
of Theorem 4.1.

Al Forall x € R", the mappings f(~, x,-) and F(-, x, -) are Lebesgue-Borel measur-
able and there exists ¢ € L' ([0, 00); R) such that F(t,x,u) > ¢(t) fora.e.t >0
and all (x, u) € R" x R™.

A2 There exists a function ¢ € L}OC([O, 00); R*) such that for a.e. # > 0 and for all

xeR" uelU(@)

|f @ x ]+ @, x )] < @)1+ [x).
A3 Forae.t > 0and all x € R”, the set-valued map
Y= Ay w), Fty,w) 1 e U®)
is continuous with closed images, and the set
{(f@,x,u), F(t,x,u)+7):uecU(), r >0}

is convex.

A4 There exists a function k € L}OC([O, 00); R*) such that for a.e. t > 0 and for

allx,y e R", u e U@): | f(t,x,u) — f(t,y,u)| + |F(t, x,u) — F(t, y,u)| <
k(t)lx — yl.

A5 k € Lipc and lim sup,_, % fot(c(s) + k(s)ds < oo.

A6 There exists a function g € L;, such that for a.e. t > 0

sup (|f(t, x,w)| + |F(t, x,u)|) < q(t), forall x € dC,
uel (1)

where C C R” is closed.

A7 Let V : [0,00) x C — R U {400} be the value function of the respective HIB
equation with endpoint conditions. Then assume Dom V # & and there exist T >
0and ¢ € L'([T, 00); R™) such that for all (z9, xo) € Dom V N ([T, 00) x R")
and any feasible trajectory-control pair (x(-), #(-)) on [fg, 00), with x(f9) = xo,

|F(t, x(1), u(r))| < ¥ () forae. r > to.

A8 Thereexistn, r > 0and M > Osuchthatfora.e.r > Oandany y € 0C+nB1(0),

andanyv € f(¢, y, U(t)), with inf (n,v) <0, wecanfindw e ft,y, U@®)n
neNy_n

By (v) satisfying

inf {(n, w), (n,w—1v)}>r,

1
neNy‘,]
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where Nyl.’,7 :={ne€dB1(0):n € coNc(x), x € 0C N By(»)}.

Proposition 2 (Theorem 3.3, [2]) Let assumptions AI1-A8 be satisfied and let W :
[0, 00) x C — RU{+00} be a lower semicontinuous function such that Dom V (¢, -) C
Dom W(t, ) # @ for all large t > 0 and

lim sup [W(t, y)| =0. (36)

1=00 yeDom W(t,")

Then the following statements are equivalent:

1. W=YV;
2. W is a weak (or viscosity) solution of HIB equation on (0,00) x C and t —
epi W(t, -) is locally absolutely continuous.

In addition, V is the unique weak solution satisfying (36) with locally absolutely
continuous t — epi V(t, -).

If we consider F(t, X, u) = f(t, X, u)e’“ for A > 0 and fbounded, this result
holds with V' as the unique locally Lipschitz continuous solution [2, Prop 5.7].
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