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Throughout this chapter k will denote a field.

In this chapter we quickly develop the main results for linear transforma-
tions defined on a finite dimensional vector space. Our treatment will differ
from that of a first course in linear algebra in that we will try to avoid choos-
ing a basis for the vector space whenever possible. Our focus will be on the
decomposition theorems for linear transformations and on non-degenerate
bilinear forms.

We also assume knowledge of the basic theory of equations over k and of
matrices, including the row reduction algorithm and matrix multiplication.
The definition of the determinant is provided in the appendix on multilinear
algebra and its main properties are developed there.

0.1 Definitions

A vector space V over the field k is an additive group that comes equipped
with a function k � V Ñ V that respects the operations of addition and
multiplication in V and k. We call elements of V vectors and write them as
u, v, w, etc, and we call elements of k scalars and write them as a, b, c, etc.
We refer to the function k� V Ñ V as scalar multiplication and write av
as the image of pa, vq under this function. In more concrete terms, to say that
scalar multiplication respects the operations of addition and multiplication
means that for all v, w in V and a, b in k we have the equalities

apv � wq � av � aw

pa� bqv � av � bv

pabqv � apbvq

We also assume that 1v � v for all v in V . A linear transformation is
a function T : V Ñ W from one vector space to another that satisfies

T pv1 � v2q � T pv1q � T pv2q

T pavq � aT pvq
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for all v1, v2, v in V and a in k. If T is a bijection then we call T an
isomorphism, and in this case T�1 is itself a linear transformation (as is easy
to check). More generally we write HomkpV,W q (or HompV,W q for short) as
the set of all linear transformations T : V Ñ W . Importantly, HompV,W q is
itself a vector space over k with addition and scalar multiplication given by

pT1 � T2qpvq � T1pvq � T2pvq

paT qpvq � aT pvq

In case W � V we call T a linear operator for emphasis. More-
over, if S : U Ñ V and T : V Ñ W are linear transformations then so
is T �S : U Ñ W . Finally, we write HompV, V q as EpV q and note that EpV q
is a k-algebra with identity I defined by Iv � v for all v in V .

So linear transformations are one major object of study, and bilinear
forms are the other. A bilinear form on V is a map B : V � V Ñ k such
that for all u, v, w in V and a in k we have the equalities

Bpu� v, wq � Bpu,wq �Bpv, wq

Bpu, v � wq � Bpu, vq �Bpu,wq

Bpau, vq � aBpu, vq � Bpu, avq

Now suppose B is a fixed bilinear form and define G as the set of all in-
vertible linear transformations T : V Ñ V satisfying BpTv1, T v2q � Bpv1, v2q
for all v1, v2 in V . We see that G is a group. Through appropriate choice of
B we will be able to create the classical families of matrix groups.

0.2 Bases

An example of a vector space is the set kn consisting of all column vectors

v �

������
a1
...

an

�����




3

with each ai in k. Addition and scalar multiplication are given ’pointwise’

������
a1
...

an

�����
�
������

b1
...

bn

�����
�
������

a1 � b1
...

an � bn

�����
 a

������
a1
...

an

�����
�
������

aa1
...

aan

�����

In a certain sense, the only vector spaces that will be of interest to us are

the kn for some natural number n. To show this we need the definition of a
basis. A basis B of V is a set of vectors with the property that for every v
in V there are uniquely determined scalars tawpvq : w P Bu with only finitely
many of the awpvq non-zero and such that

v �
¸
wPB

awpvqw

We understand this sum as only taking place across the non-zero entries
and equalling 0 if all entries are zero. It is clear that kn has basis te1, . . . , enu
where ei has zeroes in all entries except for a 1 in the ith row. We call this
the canonical basis for kn.

Theorem 1. Every vector space V has a basis, and any two bases have the
same cardinality.

Proof. We say a set of vectors B is linearly independent if it has the prop-
erty that whenever taw : w P Bu are scalars with only finitely many of them
non-zero and

°
wPB aww � 0 then all aw � 0. We say a vector v is spanned

by a set of vectors B provided there are scalars tawpvq : w P Bu with only
finitely many of them non-zero satisfying v �

°
wPB awpvqw. So a set of vec-

tors is a basis if and only if it spans all of V and is linearly independent.

Now let S be the set of linearly independent subsets of V . Notice that
subset inclusion � defines a partial order on S. We want to invoke Zorn’s
lemma to prove that S has a maximal element B. So suppose C � tBi : i P Iu
is a chain in S and define BC �

�
iPI Bi. Suppose we have an expression of

the form
°

aww � 0 where w are in BC and all but finitely many of the aw are
non-zero. For each non-zero aw choose Bi containing w, let B1 be the largest
of the subsets among these Bi (which is possible since there were only finitely
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many Bi chosen), and notice that this contradicts the fact that B1 is linearly
independent. This contradiction shows that BC is linearly independent, and
so all chains in S have upper bounds. Zorn’s lemma now guarantees the
existence of a maximal element B in S. Notice that if B does not span all of
V then there is v � 0 in V that is not spanned by B. But then B Y tvu is
linearly independent, contradicting the maximality of B. This contradiction
shows that B spans all of V and is hence a basis.

Now suppose B1 and B2 are two bases of V . We argue that B1 and B2

have the same cardinality by considering two separate cases: |B1| or |B2| is
finite versus |B1| and |B2| are infinite. So assume first that one of |B1| or |B2|
is finite, and suppose for the sake of contradiction that |B2| � |B1|. Let’s say
that B1 has elements v1, . . . , vn and that B2 contains more than n elements,
say w1, . . . , wn�1. Choose scalars aij satisfying

wi �
ņ

j�1

ajivj

Let x1, . . . , xn�1 denote variables with values in k and note that

n�1̧

i�1

xiwi �
n�1̧

i�1

ņ

j�1

ajixivj �
ņ

j�1

�
n�1̧

i�1

ajixi

�
vj

So we would have a linear dependence relation
°n�1

i�1 xiwi � 0 provided
the equations

°n�1
i�1 ajixi � 0 have a solution where not all xi � 0. Since there

are more variables than equations, and the equations are homogeneous, we
know from the theory of equations that there is a non-trivial solution. This
contradicts the linear independence of B2. Thus |B2| � |B1| if |B1| is finite.

In the second case we assume |B1| and |B2| are both infinite. For v in B1

write v �
°

wPB2
awpvqw where only finitely many awpvq � 0 and define

fpvq � tw : awpvq � 0u

Since V is spanned by B1 and by no proper subset of B2 we must have

B2 �
¤
vPB1

fpvq

We then get |B2| ¤ |B1|. Similarly |B1| ¤ |B2| so that |B1| � |B2|.
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The cardinality of any basis for V is called the dimension of V , and is
denoted by dimk V or dimV is k is clear from context. From now on we
assume every vector space under consideration is finite dimensional. Now let
B � tv1, . . . , vnu be a basis with n elements ordered in some particular way
and define the coordinate function r�sB : V Ñ kn for V relative to B by

rvsB �

������
a1
...

an

�����

where a1, . . . , an are chosen in k to satisfy v � a1v1 � � � � � anvn. Notice

rv � wsB � rvsB � rwsB

ravsB � arvsB

for v, w in V and a in k. This is to say that r�sB is an isomorphism. So
every finite dimensional vector space is isomorphic to kn for n � dimkpV q.
Now given a linear transformation T it is often useful to identify both the
domain and codomain with an appropriate space of column vectors and to
then identify the action of T with matrix multiplication.

Proposition 2. Suppose B1 � tv1, . . . , vmu is a basis of V and B2 � tw1, . . . , wnu
is a basis of W . For T : V Ñ W a linear transformation, choose scalars tij
satisfying

Tvi �
ņ

j�1

tjiwj

Define the n�m matrix rT sB1
B2

by rT sB1
B2
pi, jq � tij. For all v in V we have

rTvsB2 � rT sB1
B2
rvsB1

Proof. Write v �
°m

i�1 aivi and note that

Tv �
m̧

i�1

aiTvi �
m̧

i�1

ņ

j�1

tjiaiwj �
ņ

j�1

�
m̧

i�1

tjiai

�
wj
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On the other hand, the definition of matrix multiplication gives

rT sB1
B2
rvsB1pjq �

m̧

i�1

rT sB1
B2
pj, iqrvsB1piq �

m̧

i�1

tjiai

This establishes the result.

Using row reduction on the matrix rT sBB we can find a basis for the ker-
nel of T , denoted KerpT q, which consists of all v satisfying Tv � 0. The
dimension of the kernel is called the nullity of T . Using row reduction on
the transpose of rT sBB we can find a basis for the image of T , denoted ImpT q,
whose dimensions is called the rank of T . If we allow v1, . . . , vr to be a
basis for KerpT q and choose vr�1, . . . , vm so that v1, . . . , vm is a basis for V ,
then Tvr�1, . . . , T vm is a basis for ImpT q. So we’ve proven the rank-nullity
theorem, which states

dimKerpT q � dim ImpT q � dimV

It’s straightforward to show that if S : U Ñ V and T : V Ñ W where U ,
V , and W have bases B1, B2, and B3 respectively then

rT � SsB1
B3
� rT sB2

B3
rSsB1

B2

Suppose V has bases B � tv1, . . . , vnu and B1 � tv11, . . . , v
1
nu and that P

is the matrix defined by

P � rrv11sB, . . . , rv
1
nsBs

Then P � rIsB
1

B . This means that

rusB � rIsB
1

B rusB1

Of course rIsBB1rIsB
1

B � rIsB
1

B1 � I is the identity matrix so that rIsBB1 � P�1.
We can now derive the change of basis formula

rT sB
1

B1 � rIsBB1rT sBBrIs
B1

B � P�1rT sBBP

Lastly, we define the dual space V � � HompV, kq. Elements of V � are
called linear functionals. Given a basis B � tv1, . . . , vmu of V there is a
dual basis B� of V � defined by B� � tv�1 , . . . , v

�
mu where v

�
i pvjq � δij. For f

in V � we have the identity
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f �
m̧

i�1

fpviqv
�
i

which is true since it’s true for the elements of B. Moreover, given a
linear transformation T : V Ñ W there is induced a linear transformation
T � : W � Ñ V � defined by T �f � f � T . We can compute a matrix that
represents T � if we allow B1 � tw1, . . . , wnu and B1� � tw�

1 , . . . , w
�
nu. Then

pT �w�
i qpvjq � pw�

i � T qpvjq � w�
i pTvjq �

ņ

l�1

w�
i ptljwlq � tij

This means that

T �w�
i �

m̧

j�1

tijv
�
j

and hence rT �sB
1�

B� is the matrix transpose of the matrix rT sBB1 .

0.3 Decomposition Theorems

Suppose T is a linear operator on V . We say the subspace W of V is T -
invariant provided that Tw is in W for every w in W . In this section we
study the ways in which V can be decomposed in terms of T -invariant sub-
spaces.

To begin, we say V is the direct sum of the subspaces W1 and W2 pro-
vided that W1 XW2 � 0 and every v in V can be expressed as v � w1 � w2

with w1 in W1 and w2 in W2. In this case we write V � W1`W2. In general
we can write V �

À
iPI Wi for an indexing set I, which must be finite since

we assume V is finite dimensional. So we want to express V as a direct sum
of T -invariant subspaces.

The simplest examples of T -invariant subspaces are those of dimension 1.
So suppose the T -invariant subspace W is spanned by the non-zero vector v,
and note that Tv � av for some scalar a. We call a scalar a that arises in this
way an eigenvalue of T , and we call any non-zero vector w satisfying Tw � a
an eigenvector corresponding to the eigenvalue a. Note that Tv � av means
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pT � aIqv � 0 where I : V Ñ V is the identity operator on V . In particular,
since T � aI has the non-zero vector v in its kernel its determinant must
equal 0. That means ppaq � 0 where

ppxq � detpT � xIq

is the characteristic polynomial of T . Finally, since the matrices rep-
resenting I, T , T 2, . . . , T n2

cannot all be linearly independent, we must have
a non-trivial linear dependence relation among them. This means there are
non-zero polynomials fpxq satisfying fpT q � 0. We choose a monic one of
minimal degree, say mpxq, which we call the minimal polynomial of T . A
polynomial fpxq satisfies fpT q � 0 if and only if fpxq divides mpxq. We are
now ready to establish our first decomposition result.

Proposition 3 (Diagonalizability). Given a linear operator T acting on V , V
can be expressed as a sum of 1-dimensional T -invariant subspaces if and only
if the minimal polynomial for T is a product of distinct linear polynomials.

Proof. Suppose V can be expressed as a sum of 1-dimensional T -invariant
subspaces. Let a1, . . . , ar be the distinct eigenvalues corresponding to these
subspaces and notice that each subspace is contained in the kernel of T �aiI
for some value of i. But then each of the subspaces is in the kernel of±n

i�1pT � aiIq and so V equals the kernel of
±n

i�1pT � aiIq. This means±n
i�1pT � aiIq � 0, so that mpxq divides

±n
i�1px� aiq. This establishes that

the minimal polynomial is a product of distinct linear polynomials.

Conversely, suppose the minimal polynomial for T is a product of distinct
linear polynomials, say x� a1, � � � , x� ar. Notice that¹

i�1

x� ai
a1 � ai

� � � � �
¹
i�r

x� ai
ar � ai

� 1

since the left hand side is a polynomial with degree at most r � 1 that
agrees with 1 at x � a1, . . . , ar. From this formula we conclude that for v in
V we have v � v1 � � � � � vr where

vi �
¹
j�i

T � ajI

ai � aj
v

Note that pT � aiIqvi � 0 since
±
pT � ajIq � 0, so that V �

°r
i�1Wi

where Wi is the kernel of T � aiI. Suppose we have a non-trivial linear
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dependence relation of the form
°

wi � 0 where each wi is in Wi. We may
choose such a relation with a minimal number of non-zero wi, say wi1 , . . . , wis .
Then wi1 � � � � � wis � 0 and applying T to this equation produces

ai1wi1 � � � � � aiswis � 0

But since ai1 , . . . , ais are distinct we can use the two equations to produce
a new non-trivial linear dependence relation with fewer than s many wi, thus
contradicting our choice of s. This contradiction shows that V �

Àr
i�1Wi.

Since any basis forWi decomposesWi into a sum of 1-dimensional T -invariant
subspaces, the proof is complete.

In the case of the previous proposition we say that T is diagonalizable
because the matrix rT sBB that represents T with respect to a basis consisting
of eigenvectors must be diagonal with eigenvalues as the diagonal entries. Of
course each eigenvalue will occur in the diagonal as many times as it occurs
as a root of the characteristic polynomial. However, even if the characteris-
tic polynomial factors completely, the operator T need not be diagonalizable.
For instance, we could have T act on the 2-dimensional vector space V that
has basis tv1, v2u by Tv1 � 0 and Tv2 � v1.

For the next decomposition result we need a new definition. We call a
properly ascending sequence 0 � V0 � V1 � � � � � Vr � V of subspaces in
V a flag of V . We say the flag is complete if r � n, in which case there
must be a subspace in the flag of dimension i for any i between 0 and n.
For W a T -invariant subspace of V and v an element of V , define the T -
conductor ST pv;W qpxq as the monic polynomial of minimal degree among
all polynomials fpxq for which fpT qv is in W .

Proposition 4 (Triangulability). Given a linear operator T acting on V ,
V has a complete flag of T -invariant subspaces if and only if the minimal
polynomial mpxq for T splits over k.

Proof. Suppose there is a complete flag 0 � V0 � V1 � � � � � Vn � V of
T -invariant subspaces. Let v be in V zVn�1 and write m1pxq � sT pv;Vn�1q
and m2pxq for the minimal polynomial of T restricted to Vn�1. By induction
(with base case V � 0), the polynomial m2pxq splits over k. Since mpxq is
divisible by m1pxqm2pxq, we conclude that mpxq splits over k as well.
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Now suppose mpxq splits over k. We construct a complete flag of T -
invariant subspace inductively, beginning with V0 � 0. Having defined V0 �
� � � � Vi, if i   n then let v be an element of V not contained in Vi. Note
that ST pv;Viq divides mpxq and hence splits over k. Write

ST pv;Viqpxq � fpxqpx� aq

for some polynomial fpxq and some a in k. Set v1 � fpT qv and notice by
minimality that v1 is not in W . On the other hand, pT � aIqv1 is in W and

Tv1 � av1 � pT � aIqv1

So if we set Vi�1 � Vi` kv1 then Vi�1 is a T -invariant subspace of V with
dimension i�1, and Vi�1 contains Vi by construction. Proceeding inductively
we obtain a complete flag of T -invariant subspaces.

If v1, . . . , vn are chosen so that Vi � Vi�1 ` kvi for 1 ¤ i ¤ n, then rT sBB
is an upper triangular matrix where B � tv1, . . . , vnu. It is for this reason
that T is called triangulable. It can be shown that a family of commut-
ing diagonalizable matrices is simultaneously diagonalizable, and a family of
commuting triangulable matrices is simultaneously triangulable.

Theorem 5 (Cayley-Hamilton). The minimal polynomial of a linear oper-
ator divides its characteristic polynomial. The characteristic and minimal
polynomials have the same roots, except for multiplicities.

Proof. Suppose T is a linear operator acting on V and let mpxq denote the
minimal polynomial of T and ppxq its characteristic polynomial. We first
show that m and p have the same roots. On the one hand, if ppaq � 0
then there is a non-zero vector v with Tv � av. Since mpT qv � mpaqv and
mpT qv � 0, we get mpaq � 0 so that a is a root of mpxq. On the other hand,
if a is a root of mpxq and we write mpxq � fpxqpx� aq for some polynomial
fpxq, then there is v in V with fpT qv � 0, and since pT � aIqfpT qv � 0 we
get that Tv1 � av1 where v1 � fpT qv � 0. This means that ppaq � 0.

We now show that mpxq divides ppxq by demonstrating that ppT q � 0. In
case mpxq splits over k, we know that V has a complete flag of T -invariant
subspaces 0 � V0 � V1 � � � � � Vn � V . Let B � tv1, . . . , vnu be the
basis for V obtained by writing Vi � Vi�1 ` kvi for 1 ¤ i ¤ n. There
are scalars a1, . . . , an with the property that pT � aiIqvi is in Vi�1. So
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rT sBB is a triangular matrix with diagonal entries a1, . . . , an, and of course
ppxq � px� a1q � � � px� anq. We now compute the action of ppT q on the flag
V0 � � � � � Vn. Since pT � aiIqVi � Vi�1 for all i, by induction ppT qV � 0.
So ppT q � 0 as required.

Lastly, if mpxq does not split over k then define F to be the splitting
field for mpxq over k. Define the F -vector space V F � V bk F and a linear
operator T F on V F by T F pv b aq � Tv b a. Of course rT F sB

F

BF � rT sBB for
B � tviu any basis of V where BF � tvi b 1u. So T F also has characteristic
polynomial ppxq. For fpxq any polynomial in krxs we get

fpT F q � fpT q b I

Since ppT F q � 0 we get ppT q � 0 as well, thus completing the proof.

From the Cayley-Hamilton theorem we can sharpen our abstractly ob-
tained bound degmpxq ¤ pdimV q2 to the more realistic bound

degmpxq ¤ dimV

Theorem 6 (Primary Decomposition). Given a linear operator T acting on
V with minimal polynomial mpxq and prime factorization

mpxq � p1pxq
e1 � . . . � prpxq

er

we have the decomposition

V � Kerpp1pT q
e1q ` � � � `KerpprpT q

erq

Moreover, pipxq
ei is the minimal polynomial of T acting on KerppipT q

eiq.

Proof. The kernel of fpT q is T -invariant for any polynomial fpxq since

fpT qTw � TfpT qw � T0 � 0

Define polynomials qipxq �
mpxq
pipxqei

and note that 1 is the only (monic) poly-

nomial that divides every q1pxq, . . . , qrpxq. By Brahmagupta’s result there are
polynomials f1pxq, . . . , frpxq satisfying

f1pxqq1pxq � � � � � frpxqqrpxq � 1

So for v in V we have v �
°

vi where vi � fipT qqipT qv. Note that
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pipT q
eivi � pipT q

eifipT qqipT qv � fipT qmpT qv � 0

so that vi is in KerppipT q
eiq for each i, and hence V �

°
KerppipT q

eiq.
Now suppose

°
vi � 0 where each vi is in KerppipT q

eiq. Since qipT q annihi-
lates KerppjpT q

ejq for j � i we get

0 � qipT q

�¸
j

vj

�
�
¸
j

qipT qvj � qipT qvi

Then we also have

vi � f1pT qq1pT qvi � � � � � frpT qqrpT qvi � 0

This means that we have a direct sum V �
À

KerppipT q
eiq. Lastly,

the minimal polynomial of T acting on KerppipT q
eiq divides pipxq

ei and the
minimal polynomial of T divides the product of the minimal polynomials of
T acting on the various subspaces KerppipT q

eiq. From this we see that T
acting on KerppipT q

eiq must have minimal polynomial pipxq
ei .

Note that the proofs to the diagonalizability theorem and the primary
decomposition theorem are very similar, with the exception that we could
give explicit formulas for f1pxq, . . . , frpxq as fipxq �

±
j�ipai � ajq

�1 in case
mpxq splits over k into distinct linear factors.

For the next result we require the definition that an operator N is nilpo-
tent provided that Nd � 0 for some exponent d ¥ 1.

Corollary 7. Given a linear operator T acting on V with minimal polyno-
mial that splits over k, there is a diagonalizable operator D and a nilpotent
operator N for which

T � D �N and DN � ND

Moreover, D and N are polynomials in terms of T and are uniquely
determined by the two conditions above.

Proof. Suppose the minimal polynomial mpxq of T splits as

mpxq � px� a1q
e1 � � � px� arq

er
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In the notation of the proof to the Primary Decomposition theorem set

Ei � fipT qqipT q

for 1 ¤ i ¤ r. Note that EiEj � 0 for i � j and

E1 � � � � � Er � I

so that E2
i � Ei for all i. Now define linear operators D and N on V by

D � a1E1 � � � � � arEr

N � T �D

It is clear that D and N are polynomials in T so that DN � ND, and
of course T � D �N . Notice that D is diagonalizable since

V �
rà

i�1

KerppT � aiIq
eiq �

rà
i�1

ImpEiq

and Dv � aiv for v in ImpEiq. On the other hand

T � TE1 � � � � � TEr

N � pT � a1IqE1 � � � � � pT � arIqEr

Nd � pT � a1Iq
dE1 � � � � � pT � arIq

dEr

so that N e � 0 where e is the maximum value of te1, . . . , eru. This means
that N is nilpotent. Now suppose T � D1 � N 1 with D1 diagonalizable, N 1

nilpotent, and D1N 1 � N 1D1. Since D and N commute with each other, we
see that they commute with T . Since D and N are polynomials in T , all of
the operators D,D1, N , and N 1 commute with one another. Since

D �D1 � N 1 �N

we see that D�D1 is a nilpotent operator. But since it’s diagonalizable it
must equal 0. Then D1 � D, which also implies that N 1 � N , as needed.



14

The decomposition of T � D � N is also an easy consequence of the
Jordan canonical form presented below. For the next result we introduce the
notation that Zpv;T q is the subspace of V generated by the vectors of the
form fpT qv for fpxq a polynomial over k.

Theorem 8 (Cylic Decomposition). Given a linear operator T acting on V ,
there are v1, . . . , vr with minimal polynomials m1pxq, . . . ,mrpxq for which

(i) V � Zpv1;T q ` � � � ` Zpvr;T q

(ii) mi�1pxq divides mipxq if 1 ¤ i ¤ r � 1

Proof. Choose v1 in V with

dimZpv1;T q � maxtdimZpv;T q : v P V u

Suppose we have chosen v1, . . . , vi subject to the conditions

(i)
°i

j�1 Zpvj;T q �
Ài

j�1 Zpvj;T q

(ii) If 1 ¤ j   i and Wj �
°j

l�1 Zpvl;T q then

degST pvj�1;Wjq � maxtdegST pv;Wjq : v P V u

(iii) For mjpxq the minimal polynomial of vj, mj�1pxq | mjpxq for 1 ¤ j   i

If
°i

j�1 Zpvi;T q � V then we are done. Otherwise, writeWi �
Ài

j�1 Zpvj;T q
and choose v1i�1 in V satisfying

degST pv
1
i�1;Wiq � maxtdegST pv;Wiq : v P V u

Select polynomials g1pxq, . . . , gipxq for which

sT pv
1
i�1;WiqpT qv

1
i�1 � g1pT qv1 � � � � � gipT qvi

Choose hjpxq and rjpxq with deg rjpxq   deg sT pv
1
i�1;Wiqpxq and

gjpxq � hjpxqsT pv
1
i�1;Wiqpxq � rjpxq

Define the vector vi�1 by
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vi�1 � v1i�1 �
i̧

j�1

hjpT qvj

Note that sT pv
1
i�1;Wiq � sT pvi�1;Wiq. Moreover

sT pvi�1;WiqpT qvi�1 �
i̧

j�1

rjpT qvj (1)

We claim that rjpxq � 0 for 1 ¤ j ¤ i. Suppose for the sake of contra-
diction that some rjpxq is non-zero. Let i� denote the largest value of j for
which rjpxq is non-zero. Note that sT pvi�1;Wiqpxq divides sT pvi�1;Wi��1qpxq
since sT pvi�1;Wi��1qpT q sends vi�1 into Wi, and so we can write

sT pvi�1;Wi��1qpxq � gpxqsT pvi�1;Wiqpxq

for some polynomial gpxq. Then multiplying (1) by gpT q produces

sT pvi�1;Wi��1qpT qvi�1 � gpT qri�pT qvi� �
i��1̧

j�1

gpT qrjpT qvj

where the terms for j ¡ i� can be ignored since rjpT qvj � 0 for j ¡
i�. Notice that gpT qri�pT qvi� must be inside of Wi��1. We conclude that
sT pvi�1;Wi��1qpxq divides gpxqri�pxq. However

deg gpxqri�pxq � deg gpxq � deg ri�pxq

� deg sT pvi�1;Wi��1qpxq � deg sT pvi�1;Wiqpxq � deg ri�pxq

  deg sT pvi�1;Wi��1qpxq � deg sT pvi�1;Wiqpxq � deg sT pvi�1;Wiqpxq

� deg sT pvi�1;Wi��1qpxq

This contradiction shows that all rjpxq � 0, and hence

sT pvi�1;WiqpT qvi�1 � 0

We conclude that (i) is satisfied. Of course (ii) was satisfied by choice of
vi�1. Lastly, if we let mi�1pxq be the minimal polynomial of vi�1 and consider
the equation

mi�1pT qvi�1 � 0 � m1pT qv1 � � � � �mipT qvi
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where each term equals zero. Our arguments above show that mi�1pxq
divides mjpxq for 1 ¤ j ¤ i. We now proceed inductively on i until we have
spanned all of V .

It can be shown that r and m1pxq, . . . ,mrpxq in the cyclic decomposition
are uniquely determined by conditions (i) and (ii). Also, if

mpxq � xn � � � � � a1x� a0

then with respect to the basis tv, Tv, . . . , T n�1vu the operator T restricted
to Zpv;T q has basis given by the companion matrix�������������

0 0 0 0 �a0

1 0 0 � � � �a1

0 1 0 � � � �a2
...

...
...

. . .
...

0 0 0 � � � �an�1

������������

There are two conditions that can prevent T from being diagonalizable:

(a) Its minimal polynomial mpxq does not split over k, or

(b) mpxq does split but it has a repeated root

We suppose mpxq does split over k, and we will analyze the situation for
when mpxq has multiple roots. Say px � aqe is the highest power of x � a
that occurs in the prime factorization of mpxq and that e ¥ 1. By the
Primary Decomposition theorem we know that KerppT � aIqeq occurs in a
direct decomposition of V in terms of T -invariant subspaces and that px�aqe

is the minimal polynomial of T acting on KerppT � aqeq. This means that
there is v in V with

pT � aIqev � 0 and pT � aIqe�1v � 0

We call such a v a generalized eigenvector of T with eigenvalue a and
rank e. Notice that ordinary eigenvectors are the generalized eigenvectors
with rank 1. The cyclic subspace Zpv;T q generated by v has basis



17

B � tv, pT � aIqv, pT � aIq2v, . . . , pT � aIqe�1vu

Let ι : Zpv;T q Ñ V denote the inclusion map. Then

rT � ιsBB �

�������������

a 0 0 � � � 0

1 a 0 � � � 0

0 1 a � � � 0

...
...

...
. . .

...

0 0 0 � � � a

������������

with every diagonal entry equal to a, every subdiagonal entry equal to 1,

and all other entries equal to 0. This follows from the fact that

T pT � aIqiv � apT � aIqiv � pT � aIqi�1v

We use the notation Jepaq for the matrix rT � ιsBB, and we call Jepaq a
Jordan block. Notice that the only (ordinary) eigenvectors of T in Zpv;T q
are non-zero scalar multiples of v. So the fact that mpxq has a multiple root
corresponds to the fact that T has ’too few’ eigenvectors. More specifically,
we can define the algebraic multiplicity d of a as the multiplicity of a as
a root of the characteristic polynomial ppxq and the geometric multiplic-
ity g of a as the maximal size of a linearly independent set of eigenvectors
with eigenvalue a. In other words, g � dimpKerpT � aIqq. So we have the
inequalities

d

e
¤ g ¤ d� pe� 1q

To summarize, the operator T � ι is diagonalizable if and only g � d. This
can only occur when e � 1, but if e � 1 then it is guaranteed to occur. The
next result will show that as long as mpxq splits over k then KerppT � aIqeq
will have a basis of generalized eigenvectors.

Theorem 9 (Jordan Canonical Form). Given a linear operator T acting
on V and a a root of mpxq that occurs with multiplicity e, the T -invariant
subspace KerppT � aIqeq has a basis of generalized eigenvectors.
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Proof. We may suppose V � KerppT�aIqeq for simplicity. DefineN � T�aI
so that N is a nilpotent operator on V . It suffices to show that V has a
basis consisting of generalized eigenvectors for N . For this we proceed by
induction on dimV , where for the base case dimV � 1 we can simply take
any non-zero vector in V as a basis. So suppose the result is true for vector
spaces with dimension less than dimV and note that dimNV   dimV .
By our inductive hypothesis there are generalized eigenvectors v11, . . . , v

1
s and

integers d1, . . . , ds ¥ 1 so that NV has basis

tv11, Nv11, . . . , N
d1�1v11, . . . , v

1
s, Nv1s, . . . , N

ds�1v1su

Choose v1, . . . , vs in V with Nvi � v1i. Then

tv1, Nv1, . . . , N
d1v1, . . . , vs, Nvs, . . . , N

dsvsu

is a linearly independent subset of V . After all, if

ş

i�1

di̧

j�0

aijN
jvi � 0

then applying N to this summation produces

ş

i�1

di�1̧

j�0

aijN
jv1i � 0

so that aij � 0 for 1 ¤ i ¤ s and 0 ¤ j ¤ di � 1. But then

0 �
ş

i�1

aidiN
divi �

ş

i�1

aidiN
di�1v1i

so that aidi � 0 for all i as well. For an arbitrary v in V we can choose
scalars aij for which

Nv �
ş

i�1

di�1̧

j�0

aijN
jv1i � N

ş

i�1

di�1̧

j�0

aijN
jvi

This means there is ṽ in KerpNq for which

v � ṽ �
ş

i�1

di�1̧

j�0

aijN
jvi



19

So KerpNq and tN jviu spans all of V (though we won’t get a trivial
intersection!) So if tN jviu does not already span V , we choose vs�1, . . . , vr
in KerpNq to complement the span of tN jviu. Set di � 1 for s   i ¤ r. We
now have the appropriate basis for V , thus completing the proof.

In the notation of the theorem, the action of T on KerppT � aIqeq is
represented by the block diagonal matrix whose entries are Jordan blocks
Jd1paq, . . . , Jdrpaq. The integers d1, . . . , dr are unique up to a reordering since
they correspond to the dimensions of the cyclic subspaces Zpvi;T q in a cyclic
decomposition of KerppT � aIqeq.

There are further decompositions if we specialize to the situation of com-
plex numbers, including polar decomposition, singular value decomposition,
QR decomposition, Cholesky decomposition, etc. It is an open question the
extent to which these decompositions translate to fields different from C.

Research Problem. Analyze the singular value decomposition of a matrix
with entries in a finite field.

0.4 Bilinear Forms

Recall that we write B : V � V Ñ k for a bilinear form of V . We say that
B is non-degenerate if Bpu, vq � 0 for all u implies that v � 0. We say
B is symmetric provided Bpv, uq � Bpu, vq for all u, v, and we say B is
alternate provided Bpv, uq � �Bpu, vq for all u, v.

Suppose B � tv1, . . . , vnu is a basis of V and define bij � Bpvi, vjq. For u
and v in V write u �

°
aivi and v �

°
bjvj. Then

Bpu, vq � B
�¸

aivi,
¸

bjvj

	
�
¸¸

aibijbj � rustBB̂BrvsB

where B̂ � B̂B is the matrix with B̂pi, jq � bij. We call B̂ the matrix of

B relative to B. If Bpu, vq � 0 for all u, then B̂rvsB � 0 and hence rvsB is
in the kernel of B̂. So B is non-degenerate if and only if B̂ is non-singular.
Similarly, B is symmetric if and only if B̂t � B̂ and B is alternate if and
only if B̂t � �B̂. If B1 is another basis for V then
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rustB1B̂B1rvsB1 � Bpu, vq � rustBB̂BrvsB � rustB1prIsB
1

B q
tB̂BrIs

B1

B rvsB1

and so we have the change of basis formula

B̂B1 � prIsB
1

B q
tB̂BrIs

B1

B

We say matrices A and B are congruent if there is an invertible matrix
P for which B � P tAP . So the matrices associated to a bilinear form are all
congruent. Note that this is a different relationship from being conjugate. We
also say two bilinear forms B1 and B2 on V are equivalent provided there
is a vector space automorphism T of V satisfying B2pTu, Tvq � B1pu, vq for
all u and v in V . This is equivalent to the existence of bases for which the
matrices representing B1 and B2 are equal.

Now the symmetric and alternate forms are united by a common desirable
property. Namely, we say u and v are orthogonal, denoted as u K v,
provided Bpu, vq � 0.

Proposition 10. The K relation is symmetric iff B is symmetric or alternate.

Proof. It’s clear that K is symmetric if B is symmetric or alternate, so we
assume that K is a symmetric relation. For u, v, w in V define

z � Bpu, vqw �Bpu,wqv

and consider

Bpu, zq � Bpu,Bpu, vqw �Bpu,wqvq

� Bpu,wqBpu, vq �Bpu,wqBpu, vq � 0

So u K z and hence z K u, which means that

0 � Bpz, uq

� BpBpu, vqw �Bpu,wqv, uq

� Bpu, vqBpw, uq �Bpu,wqBpv, uq

So
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Bpu, vqBpw, uq �Bpu,wqBpv, uq � 0 (2)

for all u, v, w. Now suppose for the sake of contradiction that B is not
symmetric or alternate. Then there are u1, v1, w1 in V with Bpu1, u1q � 0 and
Bpw1, v1q � Bpv1, w1q. Taking pu, v, wq � pv1, v1, w1q in (2) provides

Bpv1, v1q � 0

Taking pu, v, wq � pu1, v1, u1q provides

Bpv1, u1q � Bpu1, v1q

Taking pu, v, wq � pu1, u1, w1q provides

Bpw1, u1q � Bpu1, w1q

Replacing pu, v, wq first with pv1, w1, u1q and then with pw1, v1, u1q produces

Bpv1, w1qBpu1, v1q � Bpv1, u1qBpw1, v1q

Bpw1, v1qBpu1, w1q � Bpw1, u1qBpv1, w1q

Since Bpw1, v1q � Bpv1, w1q we get Bpu1, v1q � 0 and Bpu1, w1q � 0. Hence

Bpu1 � v1, w1q � Bpv1, w1q � Bpw1, v1q � Bpw1, u1 � v1q

Replacing u and v with u1 � v1 in (2) produces Bpu1 � v1, u1 � v1q � 0. If
we expand this we get the contradiction that

0 � Bpu1� v1, u1� v1q � Bpu1, u1q�Bpv1, u1q�Bpu1, v1q�Bpv1, v1q � Bpu1, u1q

This contradiction shows that B is either symmetric or alternate.

It is customary to call B reflexive if it is symmetric or alternate. From
now on we assume that B is reflexive. For W a subspace of V we define the
orthogonal complement WK of W as the set of all v for which Bpv, wq � 0
for all w in W . It’s easy to see that if B is non-degenerate then

dimW � dimWK � dimV
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though it need not be the case that W XWK � 0. In fact, we define the
radical of W as RadpW q � WXWK and we say that W is non-degenerate
relative to B provided RadpW q � 0. Of course if W is non-degenerate then
V � W kWK where the symbol k indicates a direct sum of perpindicular
subspaces. We are now in a position to describe all alternate forms.

Theorem 11. If B is alternate on V then there are two-dimensional sub-
spaces W1, . . . ,Wr of V for which

V � W1 k � � � kWr k RadpV q

and there are bases for each Wi for which

zB|Wi
�

��� 0 1

�1 0

��

In particular, if B is non-degenerate then dimV is even.

Proof. If B � 0 then V � RadpV q. Otherwise there are u, v with Bpu, vq � 0.
Of course u, v are linearly independent since B is alternate. Define u1 �
Bpu, vq�1u and v1 � v so that Bpu1, v1q � 1 and Bpv1, u1q � �1. Since

Bpu1, u1q � Bpv1, v1q � 0 we see that zB|W1 has the appropriate form, where
W1 is the subspace of V spanned by u1 and v1. Then V � W1 kWK

1 and we
can proceed inductively with the restriction of B to WK

1 .

We call W a hyperbolic plane with byperbolic pair if yBW has the
form above relative to the basis B � tu, vu. So for an alternate sum the
vector space decomposes as a sum of hyperbolic planes along with a space
for which the bilinear form is trivial.

The situation for symmetric bilinear forms is more complicated. To begin,
the discriminant discpBq of a bilinear form is defined to be detpB̂q. If B is
degenerate then discpBq � 0. In case B is nondegenerate we regard discpBq
as an element of kx{pkxq2 since detpB̂q is defined up to the square of a unit (as
all matrices representing B are congruent). Two nondegenerate symmetric
bilinear forms B1 and B2 on vector spaces V1 and V2 over a finite field (with
characteristic different from 2) are equivalent if and only if dimV1 � dimV2

and discpB1q � discpB2q. So up to equivalence there are two nondegenerate
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forms. A vector space having a nondegenerate symmetric bilinear form is
called a quadratic space.

0.5 Real and Complex Vector Spaces

Suppose B is a bilinear form on the real vector space V . We say B is positive
definite provided that Bpv, vq ¥ 0 for all v in V and Bpv, vq � 0 only for
v � 0.

Theorem 12. Every real symmetric matrix is diagonalizable.

Proof. TO BE COMPLETED

0.6 Classical Groups

For T : V Ñ V a linear transformation, the equality BpTu, Tvq � Bpu, vq is
equivalent to

rT stB̂rT s � B̂

where we shorten rT sBB to rT s for convenience. The classical groups arise
by considering different bilinear forms and the groups that preserve them.
The following theorem is our general tool in establishing the simplicity of
these families of finite groups.

Theorem 13. (Iwasawa) Suppose G acts faithfully and primitively on Ω
and that G1 � G. Write H � CGpωq for a fixed ω in Ω. Suppose there is a
solvable subgroup K � H such that G is generated by the conjugates of K.
Then G is simple.

We now provide a sketch of the classical groups over a finite field.

(An�1pF q) Define the bilinear form Bpu, vq � 0 so that GLpvq is the set of invertible
transformations T that satisfy BpTu, Tvq � Bpu, vq for u, v in V . We
restrict attention to SLpV q which consists of all transformations with
determinant 1, and then PSLpV q � SLpV q{ZpSLpvqq is always a simple
group by Iwasawa’s theorem except for PSLp2, 2q and PSLp2, 3q. We call
PSLpV q the projective special linear group.
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(CnpF q) For B a non-degenerate alternate form on the (even dimensional) vector
space V we call the set of all invertible linear transformations T that
satisfy BpTu, Tvq � Bpu, vq for u, v in V the symplectic group on
V , and denote it as SppV q. It’s possible to show that SppV q has center
tI,�Iu and so it has order 2 if the characteristic of the ground field k is
different from 2, and it has order 1 otherwise. We define the projective
symplectic groups as

PSp(n,q) � SppV q{ZpSppV qq

where V has dimension n over the field Fq.

Theorem 14. Except for PSpp2, 2q, PSpp2, 3q, and PSpp4, 2q every pro-
jective symplectic group PSppV q is simple. Moreover, if n � 2m then

|Sppn, qq| � qm
2

m¹
i�1

pq2i � 1q

TO BE COMPLETED.
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