Long-wavelength instabilities in three-layer flow down an incline
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This paper reports a long-wavelength instability which has not previously been identified for-
three-layer free-surface flow down an inclined plane. The instability is identified in the zeroth-
order asymptotic solution in wave number, indicating that neither inertial nor finite
wavelength effects are necessary o induce instabilities in three-layer systems. Various neutral

stability boundaries are presented which demonstrate the effect of viscosity stratification,
density stratification, and layer thicknesses. It is found that destabilization occurs in cases -
where the middle-layer viscosity (for equal densities in each layer) or density (for equal
viscosities in each layer) is smaller than those of the adjacent layers. The regions of instability
afford a smooth transition between neutrally stable regions of the parameter space where the
in-phase and out-of- phase characteristics of the interfaces differ.

I. INTRODUCTION

It is well-known that the rectilinear flow of multiple

fluid layers down an inclined plane can be unstable, These

instabilities manifest themselves as waves which travel along
the fluid interfaces, down the inclined plane in the direction
of the bulk fluid flow. The predomiinant application of the
inclined plane flow geometry is in the manufacture of multi-
ple-layer products such as photographic films, where the in-
clined plane provides a means by which individual fluid lay-
ers can be stacked on top of one another. At the end of the
plane, these layers are then deposited simultaneously on a
moving subsirate.

There has been much work done to determine the stabil-
ity of single-layer Newtonian flows. The neutral stability of
single-layer flows (for example, see Benjamin,' Binnie,? and
Yih®) is characterized by a critical Reynolds number,
Re = pQ /it (where p is the density, Q is the volumetric flow
rate per unit width, and g is the viscosity), for a given angle.
of inclination, £, beyond which waves will begin to grow.
These results can be obtained by performing a long-wave-

length asymptotic analysis on the equations governing the

fluid flow (see Yih®), since instability appears to manifest
itself at long wavelengths.

Kao* has investigated the long-wavelength stability of
two-layer Newtonian systems, where the effects of viscosity
and density stratification are discussed. Akhtaruzzaman et
al.” investigated the long-wavelength motion of a three-layer
system whose stability was subsequenily determined by
Wang er al.® These multiple-layer analyses show that the
number of wave solutions is generally equal to the number of
interfaces in the problem. One of the wave solutions has pro-
perties which are quite similar to those of the single-layer
case (which will be called the surface mode) and persists in
the limit as the fluid properties in each layer become equal.
The other wave solutions owe their existence to the presence
of the fluid-fluid interfaces in the problem (henceforth
called interface modes). In these multiple-layer references,
attention is restricted to long wavelengths, since. it is pre-
sumed that instabilities manifest themselves at long wave-
lengths. Employing this postulate, a conclusion that might
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be drawn from these stability analyses is that inertial effects:-
(characterized by the Reynolds number) are necessary to -
induce instability in both the surface and interface modes at
long wavelengths. This is because the zeroth-order approxi-
mation in @ (where « is the wave number) yields no infor-
mation about wave growth, i.e., neutrally stable results are
obtained; there isno inertia present to this order. If is only in
the O(e) approximation, which incorporates inertial ef-
fects, that long-wavelength instabilities can be deduced.
Work by Loewenhurz and Lawrence® indicates that in-
ertia is pecessary o induce instabilities in the surface mode.
They specifically investigated the case where the Reynolds
number was identically zero, but did not restrict themselves
to a long-wavelength approxiniation. They found that the
surface mode solution is stable at zero Reynolds number for -
all finite wavelengths. This is in agreement with the single-
layer and multiple-layer resuits cited previously, since this
literature presumes that the system stability is determined at
long wavelengths, and thus instabilities cannot exist for any
wavelength. However, Loewenhurz and Lawrence® show
that the interface mode can be unstable in the long-wave-
length timit even when the Reynolds number is identically
zero; in particular, when the top-layer viscosity is greater
than the bottom-layer viscosity. In the limit as @ -0, how-

-.ever, one would have to retain ferms to presumably O(a?) or

higher to deduce the instability (Loewenhurz and Law-
rence® did not explicitly consider an asymptotic expansion),
i.e., finite wavelength effects must be included. This is be-
cause the G(a) correction must be zero when there are 1o
inertial terms, to be consistent with the previously cited
work for multiple layers. Then, even at long wavelengths,
interface mode instabilities can arise when there is no inértia.
As pointed out by Loewenhurz and Lawrence® and can
be seen in the results of Weinstein,'® for a given physical
system, waves with the largest growth typically occur at fin-
ite wavelengths; the properties “of these largest growing
waves is often of most practical interest. However, to deter- -
mine the spatial growth of waves at finite wavelengths for the
general case that includes inertia, it is necessary to utilize
accurate initial guesses (see Weinstein'®). This is because
there is a nonlinear eigenvalue problem to solve which has
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more than one wave solution, i.e., the surface and interface
modes. The long-wavelength solutions provide such initial
guesses, and thus it is necessary to accurately characterize
the long-wavelength limit.

This work reports a long-wavelength 1nstab1hty which
has not previously been identified for three-layer flow down
an inclined plane. Thus, it is an extension of the work of
Akhtaruzzaman et al.,” who did not identify the instability.
In contrast to the above cited cases, the réported instability is
identified in the zeroth-order asymptotic solution, i.e., O(1),
where neither inertia nor finite wavelength effects are pre-
sent. This instability is somewhat analogous to that reported
by Li!! for three-layer plane Couette flow. The three-layer
instability reported in this paper can occur in cases where the
middle-layer viscosity (for equal densities in each layer) or
density (for equal viscosities in each layer) is smaller than
those of the adjacent layers. The instability arises for these
cases because the zeroth-order eigenvalue problem exhibits
complex conjugate behavior, apparently owing to the pre-
sence of an additional interface (compared with the two-
layer inclined plane flow, which does not exhibit such an
instability). This additional interface affords the possibility
that the wave solutions which owe their existence to the pre-
sence of the interfaces can “resonate’ together, i.e., interact
quite strongly (see Li'!). As pointed out by Li,'! Taylor!?
identified a resonating instability for three-layer inviscid
flow where the top and bottom layers were of infinite extent;
this instability was characterized by backward moving
waves at the upper interface and forward moving waves at
the lower interface, relative to the underlying fluid flow. The
instability presented in the present work appears to have this
character.

Before closing the introductory remarks, it is noted that
the wave motion along the free surface cannot be neglected
in an effort to simplify the stability analysis; this is despite
the fact that it is the existence of interface modes which give
rise to the instability discussed in this paper. Lin'? examined
the long-wavelength stability of two-layer flow down an in-

FIG. 1. The geometry of the uniform flow and stability problems.
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cline where the free surface was assumed to be flat (a solidifi-
cation problem was considered where the free surface solidi-
fied before the rest of the fluid) and was able to identify a
zeroth-order instability. This is in contrast with the above-
cited two-layer results, where no instability could be found
in the zeroth-order solution. Thus, despite the fact that it is
the presence of each interface and the free surface which
allows for the existence of each interface mode and free-sur-
face mode, the whole zeroth-order flow field affects each
mode to a large extent (as discussed by Loewenhurz and
Lawrence”).

The organization of this paper is as follows. In Sec. II,
the equations governing the stability of uniform three-layer
flow down an incline in the long-wavelength limit are ob-
tained. In addition, cubic equations are explicitly obtained to
determine wave growth for the case of viscosity stratification
and for the case of density stratification. Results are present-
ed in Sec. III, primarily in the form of neutral stability
curves; these results are discussed in Sec. IV, and conclu-
sions are given in Sec. V.

Il. FORMULATION

The equations governing the stability of three-layer flow
down an incline have been derived by Akhtaruzzaman et al.”
Consequently, in this section we will highlight the important
details of their analysis, reflecting the new notation that is
used in this paper. To this end, consider the configuration
shown in Fig, 1. Here, three layers of fluids with specified
properties are flowing down an infinite plane inclined at an-
gle S under the influence of gravity, g, where the thicknesses
of each layer are specified. The fluid interfaces and free sur-
face are all parallel to the solid inclined surface (hereafter
called the wall), and the flow in each layer is everywhere
parallel to the wall. Let the origin of an x-y coordinate sys-
tem be placed at the wall, the y axis oriented toward the free
surface and the x axis in the direction of flow. The bottom
layer of the pack is denoted as layer 1, the second as layer 2,
and the top as layer 3. It should be noted here that this is
opposite to the convention used by Akhtaruzzaman et al.”
We will refer to the fluid—fluid interface closest to the wall as
the first interface, the next fluid—fluid interface as the second
interface, and the air—fluid interface as the free surface. The
viscosity, density, and thickness of each layer are denoted as
Kis pr, and d;, respectively, where ke [1,3].

It is convenient to make variables dimensionless using
dr, the total thickness of the three-layer system, and
volumetric flow scale defined as

Q, =p,gd 3 sin B/2u,.

Thus y~d,, while the velocity in each- layer scales as
V., ~Qs/dr. It turns out that the pressure in the uniform
flow problem is hydrostatic and thus does not interact with
the fiuid flow. The choice for this pressure scale is made
based on the dynamics of the stability problem to be consi-
dered subsequently; for convenience, the pressure is made
dimensionless here as P, ~p,Q2/d%. All dimensionless
quantities will be denoted with an overbar.

Using these scales, the velocity solutions to the Navier—
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Stokes equations are given by the following parabolic
profiles:

V() =B + CI+ Dy, kell1,3], (1a)
where
B, = "Rk/Eks (1b)
2 k 3
Ck =T‘('Rk Z 6)1 + Rnan)ﬂ (IC)
E, A=1 iy |
k=1 /R R " 2
D, = "_‘H’__”) ( 5m)
k nzl (En+ 1 En mgl
k—1 n
+ 2 (Cn"”cnirl)‘ Z ‘Sm: (1d)
RS m=1
and
d
L > By “E‘k“: S = £ (1e)
P2 M2 dT

Then, the final functional dependence for T’xk is given by
T’xk = ka (i;sl ’83 ’Rl aR3 3EI $E3 ) ( lf)

and pressure in each layer is
- P, 2 k 3 R,6,
,pk:_i_ﬂ(j,-__ SR )
ne=1] rR=k+1 Rk

(1g)

where P,p,Q2/d% is the armospheric pressure and

Re, = p, Q,/, . This completes the consideration of the un- -

iform flow problem.

To assess the stability of the three-layer flow, the appro-
priate time-dependent governing equations and boundary
conditions are linearized about (1). Then a streamfunction,
%, Q.. is defined, which removes the explicit appearance of
the pressure in the linearized system, and an equivalent
boundary-value problem which is only in terms of 1, is ob-
tained. It is then seen that all solutions to the linearized equa-
tions can be written as the superposition of temporally grow-
ing waves whose translation is characterized by the Iocatlon
Xd, and time td 2./Q, as

B = b (Pe=F =D, (20)
It is then necessary to determine the unknown functions
&, (¥) and the functionality c(«r). In (2a), i denotes imagin-
ary, a is the puorely real wave number defined as
a = 2md /A (Aisthe wavelength),c = ¢y -+ ic, is the com-
plex wave speed, where the real part of ¢, denoted by cpg,
gives the wave speed, and the imaginary part of ¢, denoted by
¢, determines the temporal growth or decay of waves along

the inclined plane. It will be shown that the stability results -

for temporally growing waves are identical to those for spa-
tially growing waves, to the order of the approximations
used in this paper. Note that based on (2a), the deviation of
each interface from its unperturbed location, £, d is then
given by

&
—— e Z - 5t F= X 5,
(c— V) ngl

Employing (2a), the resulting system of equations is
equivalent to Eqgs. (i)~(iv) of Akhtaruzzaman et al.,” once

(2b)
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appropnate potation changes are made

governing squations:
d*4, d’¢;
_zaz -{-—(24
&
2
= — i Rey —— R, [(d (2 wazqﬁk) (c—F.)
E, L\ @ ‘
a7, ] |
Hh— | kel13) (32)
boundary conditions at § = 0:
$, =0, (3b)
d
iZh =0; (3¢)
dy‘ ,
boundary conditions at 7= 3% _, §
dbier _db (dT’ a’"V)
dy J  (c-V, )\ g/
kel1,2], (3d)
w1 =S, ke[1,2], (3e)
d3¢k d3¢k'+'1 ( do,
E, ———E — 34 E
3 7 kot 1 & | Loy &
. a¢ i = d
— ;J_:“l)-!-zal{ez(c—— I’xk)(Rk ;;
d¢ . d._V.'xk
~Ryp g‘)waka(Rk-d_ ~ Ry
dv,, . é o ,
! d; )__ (c_’%;k) (Zfa(Rk — R, | )cotB
+—~w) ~0, ke[13], &)
7 Cay,
d ¢k+l ) (d2¢k ; )
E (——-——+a2 ‘ - B +a?
k41 d’};z ¢Ic+i k dj? ¢k
. ¢
= 2Ry — Ry ff—%;u =0, ke[13],  (3g).
where F, =R, =d¢, =), ka is given by (1), and

Ca; ! = g d/p, Q, is a capillary number in terms of the con-
stant surface tension of each interface, o, . The boundary-value
problem (3) constitutes 2 homogeneous system of equations
and boundary conditions, i.e., it i§ an eigenvalue problem to
determine the complex wave speed ¢ as a function of @ for given
physical, geometrical, and flow properties as

= c(a, 51 153 9Rl ,R3 :El sE‘_’, sCOt ﬁ’Rez ’Cal !Ca’l ’caii )"

Corresponding complex eigenfunctions are given by (2).
In the long-wavelength limit, i.e., @ — 0, the complex wave
speed and eigenfunctions are expanded as

c~64(81,0;,R,,Rs,E, ,E; cot BRe,,Ca,,Ca,,Cay)
+ Ha),
br ~&i, (5:0:.65,R, Ry, E, E; cot BRE, ,Ca, ,Ca,,Ca; )
+ O(a),

where the subscript (0) denotes zeroth order in «. These ex-
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pansions are substituted into the governing equations (3), and
aset of simplified equations, valid in the @ —0 limit is obtained.
In this paper, we consider only the zeroth-order approxima-
tion; note that in what follows, the functions ¢, are presented
without the subscript (0), but they are understood to be lowest
order. The resulting system of equations is

governing equations:

dd-
P 0, kef1,3]; (42)
boundary conditions at ¥ = 0:
¢ =0, (4b)
d
b0 (4c)
dy
boundary conditions at = =X _, 8,:
i _ b, b (dexk 7. )
dj; dﬁ (CO - ka) d.v ’
for ke[1,2], (4d)
¢k+1 =¢k, for k€[1,2], (43)
d’¢, Ay
E — — E, —————=0, for ke[1,3], 4
k = K+ 1 & [1,3] (4H)
d’,. d’*
Epy @2 —E, d}; —2(Ryepy — Ry)
b =0, for ke[1,3]. (4g)

(¢o— Vx,)

Again, note that E, = R, = ¢, = 0. The system (4) is identical
to that of Akhtaruzzaman et al.,” once appropriate notatlon
changes are made.

By inspection of the simplified system (4) it is thus clear
that

CO =CQ (51 !831R11R39E19E3 ), (5)

where in general ¢, = ¢,, + ic,,. Note that (5) indicates that
the lowest-order complex wave speed is not a function of wave
number, i.e., the system is nondispersive. Consequently, the
temporal and spatial formulations of the problem yield identi-
cal stability results at this order.'* In the lowest-order approxi-
mation, temporal wave growth is quantified by the following
exponential term taken from (2):

growth =" (6)

From (6), it is clear that when acy, >0, the flow is unstable,
and for ac,, <0, the flow is stable. Then Co, = 01in (5) deter-
mines the functionality in the parameter space which borders
on instability, i.e., neutral stability is determined.

The characteristic equation (5) to solve for ¢, can be ob-
tained analytically. In order to focus on the specific roles of
viscosity and density stratification, these cases are considered
separately in this paper. For purposes of simplicity, two charac-
teristic equations are obtained: one for systems where there is
viscosity stratification but no density stratification
(R, = R; = 1), and the second for systems where there is den-
sity stratification but no viscosity stratification (E, = E; = 1).
For either of these cases, the resulting equation is cubic:
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Cé-l—(lZCé +611C0 +ao=0, (7)

where it is understood that the coefficients are different for the
density and viscosity stratification cases. The details of the cal-
culations leading to (7), as well as the definition of the coeffi-
cients, are give in the Appendix. It is important to note that the
coefficients in (7) are real, where the roots of the cubic equa-
tion are characterized by the following trial function:

L= +7 (82)
where
a, aé 1 R 2
N N N VORI . 1 $b
3y (T % %) — o (80)

In solving the cubic, instabilities arise if there is one real root
and two complex conjugate roots, which occurs when L > 0 in
(8a). For this case, the complex wave speeds become

Co == _—(U1+U2)‘-3‘+ ‘[—(Ul 0,), (8¢)

CO = UI + U2 _— (a2/3)a (8d)
where

U =vr++L, U, =+r-—L. (8e)

From (8c), itis clear that the neutral condition for the complex
conjugate solutions corresponds to a case where the conjugates
collapse onto the real axis, and at least two of the roots are
equal; thus, the neutral stability condition for complex conju-
gates reduces to

L=g+7=0, 9

which is parametrized in (5) with ¢, = 0. Note that for L <0,
all the roots of (7) are real.

Restricting attention to the unstable interface mode given
by (8c), the amplitudes, 4., and phases, &,, of the interfaces
induced by this mode relative to those of the first interface can
be written, using (2b), as

Ap/Ay = ||pi (co “?x, )/ ¢y (co ——-ka)”, ke[2,3],
Im[ 4, (co — Vi, )/ (co — Vi) |

Re[¢k (e —_V;cl )/$y(co ‘*ka)] ]

ke[2,3], (10b)

where the ¢, and T/xk values are all interpreted as being evaluat-
ed at the respective interfaces, where k& = 1 corresponds to the
first interface, & = 2 corresponds to the second interface, and
k = 3 corresponds to the free surface. In (10a) thesymbol || F||
denotes the magnitude of the general complex argument F,
while in (10b) the notation Im and Re denote the imaginary
and real parts of the arguments.

We end this section by noting that condition (9) yields a
boundary between the region of instability and the region of
neutral stability in the zeroth-order approximation. This is be-
cause for cases where L <0, the zeroth-order approximation
yields only neutrally stable results. Consequently, (9) is not a
neutral stability condition in the usual sense, since waves do not
go from a state of growth to a state of damping upon traversing
the boundary described by (9); by contrast, in this work, waves
go from a state of growth to that of neutral stability upon tra-
versing the boundary.

(10a)

6, — 6, =tan“[
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FIG. 2. The effect of middle-layer placement on mstalnhty regiong for various
viscosity ratios, where &, =0.1.

Iil. RESULTS

We begin this section by assigning a physical significance
to the wave modes given by (8¢) and (8d). In the limif as all
the fluid layer properties become equal, it is straightforward to
show that the wave solution given by (8d) smoothly limits to
the surface wave found in single-layer flow down an incline
(see Yih?*). For this reason we denote this wave solution as the
surface mode. Note that this mode is always neatrally stable in
the zeroth-order approximation, which is consistent with the
previously cited literature results in the Introduction. In this
same limit, the wave solutions given by (8¢) are neutrally sta-
ble, where their speeds are identical to that of the uniform flow

at each of the two interfaces. For this reason, we denote these:

modes as interface modes, which clearly owe their existence to
the presence of the interfaces in the problem when fluid proper-
ttes are not the same in the layers. Then, in the zeroth-order
approximation, it is the /nferface modes which can exhibit in-

stabilities according to (8c). For more defails regarding the

properties of the surface and interface modes, see Weinstein. '
Noté that the limits just described have been used to check the
correctness of the cubic equation given by (7).

‘We now examine the parametric conditions under which
interface mode instabilitiesin the three-layer flow can arise, via
the neutral stability condition given by. (9). Figures 2 and 3
show the effect of moving a middle layer of constant thickness
away from the wall, for cases of viscosity stratification where
E,E,c[0,20] (and R, = R, = 1). It is apparent that instabili-
ties can only arise if the middle-layer viscosity is smaller than
those of the two adjacent layers; this behavior was seen for all
viscosity stratification cases surveyed. Note that our calcula-
tions indicate that the line £, =1 in Figs. 2 and 3 is often
exiremely close to the neutral stability boundary and is some-
times numerically indistinguishable; however, as Fig. 3 clearly
indicates, the line E; = 1 typically is not a neutral stability
boundary, although it always lies in a neutrally stable region. In
Fig. 2, it is'seen that as the bottom layer becomes thinner, the
region of instability decreases in size. For these results, when
the bottom-layer thickness is decreased below approximately
8; =0.22 (not shown on the plot), no region of instability
arises for the viscosity ratios considered. Figure 3 indicates the
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FIG. 3. The effect o' middle-layer placement on instability regions for various

* viscosity ratios, where 8, = 0.1, and §,>0.85.

effect of increasing the botfom-layer thickness past &, = 0.75,
i.e., decreasing the thickness of the top layer. It is seen that the
neutral stability contours radically change their shapes com- |
pared with the cases of Fig. 2; Fig. 3 shows that the regions of
instability diminish in size in the limit as 8, 0. Note also that
we have also considered viscosity ratios larger than £, = 20,
and as £, — co, the regions of instability in Figs. 2 and 3 persist.
By inspection of the coefficients of (7) given in (A2), it is clear
that in the limit as £, — oo the coefficients of the cubic equation
are not functions of E;, indicating that the roots of the cubic are
insensitive to £, in this limit. Then, if complex conjugate behav-
ior is exhibited for finite but large values of E,, this behavior
will extend to infinity. Mathematically speaking, this accounts
for the vertical lines to which the neutral stability boundaries -
asymptote in Figs. 2 and 3 as By — 0.

Figures 4(a) and 4(b) indicate how the relative phases
and amplitudes of the free surface and the interfaces, given by
(10), vary as a function of E, for the unstable interface mode,

“where §, = 0.6, §, = 0.1, and E, = 5; this corresponds to tra-

versing the line £; = 5in Fig, 2, for £,€[1,10.5]. The reference
phase and amplitude for these results are taken to be those for
the bottom interface. In Fig. 4(a), it is seen that as £, — 1, the
freesurface and bottom interface are in phase, while the bottom
interface and middle interface are — 180° out of phase; note
that the relative phases vary exiremely rapidly with E, as
E;—1. On the other hand, as E, - 10.5, all of the interfaces are
oscillating in phase. It is thus seen that the region of instability
affords a smooth transition between the in-phase and out-of-
phase regions of the parameter space. In Fig, 4(b) it is seen that -
as E, — 1, the middle interface and free surface have extremely
small amplitudes relative to the bottont interface, which is as-
signed a relative amplitude of 1, i.e., the bottom interface is.
most largely affected by the unsiable interface mode (note that
therelative amplitudes for E, =1 are small but nonzero; this is
not apparent due to the scale of the figure). As E, - 10.5, it is
apparent that all three interfaces are largely affected by the
unstable interface mode.

For the same conditions as Figs. 4(a) and 4(b), Fig. 4(c)
shows the speed of the complex conjugate interface modes rela-
tive to that of the unperturbed free surface and interface speeds.
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FIG. 4. The effect of the unstable interface mode on (a) the phase shift at the
second interface and free surface relative to that of the first interface (6, — 6, ),
and (b) the amplitudes of the second interface and free surface relative to that
of the bottom interface (4, /4, ). (c) The wave speed of the unstable interface
mode relative to the unperturbed fluid velocities [Rea](co)/ V.1 at the first

interface (k = 1), second interface (k = 2), and free surface (k 3).

Note that the wave speed is larger than the corresponding un-
perturbed fluid speed at the first interface, but it is smaller than
the unperturbed fiuid speed at the second interface and free
surface. Note also that as E,—10.5, the relative interfacial
wave-speed curves become farther apart. The divergence of
these relative interface curves as E, is increased appears to cor-
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FIG. 5. The effect of the middle-layer thickness on instability regions for var-
ious viscosity ratios, where §; = §,.

relate with the recovery of neutral stability. Further, note that
as E, — 1, the wave speed of the interface mode relative to the
speed of the fluid at the unperturbed interface approaches I;
this is a manifestation of the fact that a two-layer system is
obtained, where the interface no longer represents a boundary
between physically distinct layers.

Figure 5 demonstrates the effect of viscosity ratios, while
increasing the thickness of the middle layer and reducing the
thickness of the other two layers, where §, = &,. It is seen that
as the middle layer increases in thickness, the region of instabi-
lity diminishes in size. In fact, for 8, greater than approximate-
ly 0.18, no region of instability can be found for E,,E,[0,20].
Note also that for §, = 0.01, the neutral stability curve is simi-
lar in shape to the &, = 0.85 curve of Fig. 3. For §,<0.01 in
Fig. 5 (not shown), a radical change in the stability diagram
occurs as was seen in Fig. 3. As was done for cases shown in
Figs. 2 and 3, we have considered viscosity ratios larger than
E; =20, and as E;— o, the regions of instability in Fig. 5
persist.

Finally, we consider the effect of density stratification on
the neutral stability diagram. Figure 6 gives results for
R,,R,c[0,20] (and E| = E; = 1), for the case where the mid-
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o
o
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i 1 i
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FIG. 6. The effect of the middle-layer thickness on instability regions for var-
ious density ratios, where §, = ;.
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dle-layer thickness is increased, while decreasing the thickness
of the other two layers where 8, = 8,. For all the cases sur-
veyed, we were able to find instabilities only for cases where the
middle-layer density is smaller than those of the two adjacent
layers. Note that it is seen that as the middle-layer thickness is
increased, from 8, = 0.001, the size of the window. first in-
creases; however, between 8,€[0.1,0.3], the instability region
begins to shift to higher values of R,. Note also that as §,—0,
the region of instability appears to diminish in size and even-
tually disappears in the limit. Our calculations also indicate
that each of the regions shown persists in the limit as' R, - «
and R3 —> 0.

IV. DISCUSSION

We begin our discussion by noting the consistency of our
three-layer neutral stability contours with the two-layer results
cited in the Introduction. For cases of viscosity stratification,
Figs. 2, 3, and 5 all indicate that the systems with E, = 1 or
E, = 1 are neutrally stable in the zeroth-order approximation
in a; these are two-layer systems that do not exhibit complex
conjugate behavior (see Kao® and Loewenhurz and Law-
rence”). Figure 2 indicates that as the thickness of the top layer
decreases, the regions of instability diminish in size, which indi-
cates that in the limit of zero top-layer thickness (thus yielding
a two-layer system), neutral stability is again obtained. It is
clear, however, that this limit has some singular characteristics,
as can be seen by the comparison of the curves in Figs. 2 and 3.
Similar behavior is seen for cases where the middle-layer or
bottom-layer thicknesses become small as well. For the case of
density stratification shown in Fig. 6, it is also clear that for
cases of density stratification, the lines R, = 1 and R; = 1 are
both neutrally stable in agreement with the results of Kao.”
Figure 6 shows that as the middle-layer thickness decreases, the
width of the region of instability decreases, and ini the limit,
neutial stability is obtained.

The value of L in (8a) is seen to characterize whether or
not insiabilities will be found in the zeroth-order approxima-
tion in wave number. The regions of instability in the zeroth-
order approximation correspond to parameter values leading
to L >0, while the neutrally stable regions in the zeroth-order
approximation are characterized by L <0. The previous work
of Akhtaruzzaman et al.,” who consider the zeroth-order ap-
proximation in wave number (but do not identify unstable re-
gions), and Wang ez al.,* who consider the first-order correc-
tion in wave number [ie, O(a) as a—0], focuses on
parameter values yielding Z. < 0. Wang et al.® identify instabili-
ties in the first-order correction; thus, it is seen that the stability
of the zeroth-order neutrally stable regions reported in this pa-
per can be determined by considering higher-order corrections
in wave number,

As pointed out in the Introduction, Taylor** identified a
resonating instability that was characterized by underlying in-
viscid flow fields which allowed for a particularly strong inter-
action between the interface modes. These strong interactions
occurred when the phase velocity of forward moving waves
along the bottom interface was approximately equal to the
phase velocity of backward moving waves along the upper in-
terface (note that the distinction of backward and forward was
made by determining the wave speed relative to the underlying
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velocities in the top and bottom layers, respectively). The insta-
bility could then be thought of as a backward moving wave at
the upper interface forcing a forward moving wave at the lower
interface when the phase velocity of the two waves coincide. [t
is interesting to note that in a similar way, Fig. 4(c) demon-
strates that the unstable mode travels faster than the fluid at the
unperturbed bottom interface, while the unstable mode travels
slower than fluid at the unperturbed upper interface and free
surface. Thus, we might view the instability discussed in this
paper as arising via the above-described resonance effect.

We take this opportunity to further reinforce the com-
ments made by Loewenhurz and Lawrence” regarding the
identification of a specific wave mode with a particular inter-
face or free surface. They comment that although each mode of
solution owes its existernce to the presence of an interface of free
surface, the whole perturbation flow field affects each mode. _
Consequently, the identification of a particular mode with a
particular interface can lead to the incorrect interpretation that
the mode behavior is not a function of the total flow field and
can be attributed totally to local mechanisms. The resulis in
Fig. 4(b) show that despite the fact that it is the interface
modes which exhibit the instability, the free surface is largely
affected by the interface mode over a large range of E;. Further-
more, the existence of complex conjugate behavior (which
characterizes the instability) necessarily indicates that there is
a strong interaction between interfacial modes; these modes
must interact through the flow field itself and clearly cannot
solely arise due to local mechanisms.

We close this paper by noting that the instability regions in
Figs. 2, 3, 5, and 6 afford a smooth transition between regions in
the parameter space where interfaces and the free surface have
different relative phases; Fig: 4(a) shows a typical example. In
their paper, Akhtaruzzaman et al.” report that the interface
and free-surface modes can bein phase or out of phase with one
another, depending upon the fluid properties and layer thick-
nesses. For the range of parameters they consider, they demon-
strate that the transition from in-phase to out-of-phase solu-
tions can occur through interface solutions that are completely
flat. This type of transition can occur in the neutrafly stable
regions of the parameter space. The resulis of this work indi-
cate that over a very broad region of the parameter space, how-
ever, transitions in relative phases can afso occur via a region of
instability characterized by conjugate interface modes which
yield interface solutions that are nor flat [as indicated by the
relative amplitudes in Fig. 4(b)].

V. CONCLUSIONS

This paper has described a long-wavelength instability
which has not previously been identified for three-layer free- -
surface flow down an inclined plane. The instability is identi-
fied in the zeroth-order asymptotic solution in wave number,
indicating that nejther inertial nor finite wavelength effects are
necessary to induce instabilities in three-layer systems. Various
neutral stability boundaries have been presented which demon-
strate the effect of viscosity stratification, density stratification,
and layer thicknesses. OQur results indicate that destabilization
occurs in cases where the middle-layer viscosity (for equal den-
sities in each layer) or density (for equal viscosities in each
layer) is smaller than those of the adjacent layers. The regions
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of instability afford a smooth transition between neutrally sta-
ble regions of the parameter space where the in-phase and out-
of-phase characteristics of the interfaces differ.

APPENDIX: SOLUTION OF THE LONG-WAVELENGTH
EIGENVALUE PROBLEM

In this appendix, we consider the solution to the system
(4), where the goal is to obtain the characteristic equation to
solve for ¢;, the complex wave speed, as parametrized by (5).
The algebra involved can be simplified somewhat by consider-
ing cases where there is viscosity stratification but no density
stratification (R, == R, = 1), and cases where there is density
stratification but no viscosity stratification (E, = E; = 1). For
either situation, the solution of (4a) yields:

¢k(J_)) =FkI’3+ka2+Hky+Ik: kE[1,3], (Al)

wherethe F,, Gy, H,,and I, are 12 unknown constants, and it
is understood that they are different for the two cases. By in-
spection, the system (4) provides 12 homogeneous boundary
conditions that are used to find nontrivial solutions to the ei-
genvalue system, i.e., to determine the eigenvalue ¢,. The alge-
bra to obtain the characteristic equation for ¢, is entirely
straightforward but tedious. The details of the calculation are
omitted for this reason, and only the coefficients of the charac-
teristic equation (7) are given in what follows.

Coefficients for the case of viscosity stratification
(Ri=R;=1):

a4y = El_ [8:(8 — 8DV, + 87,7, — 6375 ]
1

11 e ==
- (E—-l__—(yl +7’4))Vxl sz - Vx, [,)cz Vx3’
3

El
(A2a)
a = —ELI[SIM%—&?)JramJ
+ (—L+L(yl +n)) Ve, + V)
E, E

+ Vi Ve, + Vi, (Vi + V), (A2b)
a, = [(1/E3) + (1/E)) (71 +¥a)]

— (W, + Vo, + Vi) (A2c)

where
" =28, (1 —E;) +2E,(1-8,)(1 - VE;), (A2d)
¥, =8[26,(1 —E,)(1—8,) —&(1 —E,)

+ E, (1 -85)%], (A2e)
¥; =S5, [8(1—8;) —81, (A2f)
Vo= (1—8)E, (1 —1/E) + (1 —E,)

X [28,(1-8)—8]—(1—=8)r, (A2

and
V. = — (1/E)) (& —28,) + Dy, (A3a)
V., =2(1-8;) — (1 —8;)*+ D, (A3b)
V., = (I/E;) +D;, (A3c)
Sy =2(1 -8, (I/E, — 1), (A3d)
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S, =25,(1 — 1/E;). (A3e)

In (A3a)-(A3c), ¥,,,V,,,and ¥, are the unperturbed
fluid velocities at the interface closest to the wall, the second
interface, and the free surface, respectively. The jump in rate of
strain across the interface closest to the wall is denoted by S| in
(A3d); S, is the jump in strain across the next interface, given
in (A3e). Definitions for all additional parameters and con-
stants are givenin (1), with R, =R, = 1.

Coefficients for the case of density stratification
(Ei=E;=1):

ao=—{& R, — DV, V, + (1 -8)(1-R,)V, 7y, }

— R, (y,, —7/377),1 +'I7x‘7;1 —-7/27,,2)

=NV = Ve Vi, Vs (Ada)
a=—[8U—-R)TV, +7V,)

— (1=8)*(1 —Ry)(Vy, + V)]

—Ry[v,+ 15— W, + V)]

+ ¥+ Vo Vo, + Ve, (P + V), (Adb)
a,=—[(R; — 1) + (1 —8;)*(1 —R;) +R; ]

— Vo +V + V), (Adc)
where
7 =R, — (1 —Ry)

X [61(1—8,)*— 28, (1~ 8;) +61], (Add)
7= (1 —R,) (& — 28 + &), (Ade)

73 = (R — 1)[(1 _63)2—2(1—53)3+ (1 —53)4],

(A4f)

Ya=71[1—2(1=83) + (1-83)%], (Adg)
and

V., = —R,8 + 8, + Dy, (A5a)

V.,=—(1-8)-C(1-8)+D, (A5b)

V.= —Ry+C; +D,. (AS5c)

In (AS5a)-(AS5c), 7;1 ,T’xz, andT’x3 are the unperturbed
fluid velocities at the interface closest to the wall, the second
interface, and the free surface, respectively. Definitions for all
additional parameters and constants are given in (1), with
E =E,=1.
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