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A means to extract spatial information from an extremely unresolved source of light using a single element detector
is demonstrated by use of an optical vortex coronagraph. Applications may range from astronomy to micro-
scopy. For example, the centroid and angular extent of an unresolved collection of incoherent point sources is

revealed. © 2011 Optical Society of America
OCIS codes: 110.2990, 110.2970, 080.4865, 100.6640.

An object or collection of objects may be said to be un-
resolvable in a given optical system if the apparent image
is indistinguishable from a single point source of light.
Although resolution can be improved by use of short fo-
cal length, large aperture elements, this approach is not
always cost effective or practical. For example, a conven-
tional imaging system may be unnecessary if the desired
information is simply the position and extent of a system
of a few emitters, as may be the case with fluorescent,
nano-optic, astronomical, or microsatellite systems.
Herein is described a means of using an optical vortex
coronagraph [1,2] to extract the centroid and extent of
an extremely unresolved object. An advantage of this
approach is that large f-number optics may be used. Such
elements are less prone to aberrations, inexpensive, and
lightweight in comparison to small f-number optics.
What is more, a single detector element may be used
in the optical vortex coronagraph (OVC) system, rather
than an imaging array. The technique requires subresolu-
tion pointing stability of the optical system and absolute
power measurements.

A spatial filtering scheme using an optical vortex
“lens” was first proposed as a two dimensional Hilbert
filter [3]. This approach was successfully used in
microscopy as an alternative to conventional phase con-
trast microscopy techniques [4]. Vortex coronagraphs
were initially devised as a high contrast imaging instru-
ment to observed exoplanets [1,2,5]. Astronomers have
recently succeeded in observing exoplanets with an
OVC [6].

An OVC performs an important operation: it comple-
tely filters out light from a point source when the optical
axis and the source coincide. Hence, the OVC has the
capacity to strip away the point source (or zero spatial
frequency) information to reveal information about the
structure of the source. An optical vortex lens (or “spiral
phase plate”) is placed in the focal plane of the objective
lens, as illustrated in Fig. 1. The required transmission
function of the vortex element is t = exp(imé'), where
@ is the azimuth in the 2’y plane, and m is the so-called
topological charge of the vortex. The OVC requires a non-
zero even value of m. As shown below, it is sufficient to
consider the case m = 2 to determine the centroid and
radial variance of the distribution. Larger values of m
may be used to obtain higher order moments of the dis-
tribution. Paraxial, subresolution ray angles are assumed
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below: a < 1/2R, where 4 is the wavelength of light, and
R is the radius of the objective lens.

Owing to symmetry of the OVC we describe the optical
fields in terms of separable functions and circular coor-
dinates. The field of the source distribution is expressed
as a Fourier series of circularly harmonic vortex modes
of index, [:

f(ro.00) = Y Bi(ro) exp(ily),

=

D

where B(ry) = (1/2x) [3"f(ro, 0p) exp(-ily)dd;. When
the distance between the object and the imaging system
is large (2 > 7a?/4), as depicted in Fig. 2, the field at
the objective lens may be described by Fraunhofer
diffraction.

Owing to the principle of linear superposition each
mode in Eq. (1) undergoes a Fourier transform upon
reaching the objective:

Ey(r.0) = (21/12)(~9)' exp(UO)HT{B(ro)},  (2)
where HT\{By(r)} = [5 Bi(ro)J;(k,ro)dr is an ith order
Hankel transform, k, = 2z7r/Az is the radial component
of the transverse wave vector, and J,(k, ) is the lth or-

der Bessel function of the first kind. The maximum value
of the argument provides a subresolution criterion:

y = 27Ra/lz < 1. 3)

Replacing the Bessel functions with the expression
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Fig. 1. Optical vortex coronagraph with objective lens of
radius R (L), vortex lens (VL), collimating lens (L), Lyot stop
of radius Ry (LS), condenser lens (Ls3), and photo detector
(PD). Ray trace for incident plane wave (dashed lines).
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Fig. 2. Light from an object of extent a is transmitted to the
circular aperture of an objective lens of radius R.

Aperture

(ko) = o(0) (’“’g")L ) (— (k";o)z)n/(n!(n + L),
n=0
4)
where L = |I| and ¢(I) = 1if I > 0, otherwise o(I) = (1)

[7], the transmitted field at the circular pupil function of
the objective may therefore be written, for » < R:

YD Cialr/R) exp(ilf), )

l=-00 n=0

E(r,0) =

where p = L + 2n, and

_(=D"(=i)2zx (ﬂR//lz)p
b= Tl + L)

f B(roy ldry. (6)

The field in the back focal plane of the objective lens is
given by the Fourier transform of Eq. (5). Transmission
through the vortex lens gives for each mode of index [, n:

r p+1

. . 'R
9, @) = 21(~3)\C e m 0 f (z‘e) J,(kr)dr,
0
©)

where k. =2x/Af;. The beam undergoes another
Fourier transform upon propagating to the Lyot stop,

where the modes may be expressed G%) (r",0") =
A OI ():

ln

A(m) @) = A2 (_,L')2l+mCl’nei(l+m)9” i (82)

o 'R
1) = /0 /0 ((RYPT 1y r Qe o (LY,
(8b)

where k, = 221" /Af5 and Eq. (8b) reduces to Weber-
Schafheitlin integrals having closed form polynomial
solutions. In some cases Eq. (8b) vanishes within the re-
imaged pupil where " < R" = foR/f{, resulting in a “ring
of fire” that is completely blocked by a Lyot stop of radius
Ry < R'. As demonstrated below, modes that are trans-
mitted through the Lyot stop will reveal information
about the unresolved light source. We assume Ry, = R".

From both a theoretical and experimental point of
view, it is instructive to consider a system of radiat-
ing point sources, as depicted in Fig. 3. These could be
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Fig. 3. Distribution of point sources with centroid at the origin
of the dashed axes. Coronagraph optical axis at origin of solid
axes. Circle depicts the radial deviation of the distribution.

fluorescing nanoparticles, a distant star system, or

orbiting space debris. A single source may be repre-

sented in circular coordinates by a delta function at

the point (a;,60;), having a phase, D;: f(ry.0)) =
a;'6(rg - a; )6(90 - 6;) exp(i®;).

Con51der first a smgle point source. The mode (I,n) =
(0, 0) represents the apparent on-axis point source com-
ponent of the source (even if the source is neither
on-axis, nor a point source). This is the dominant mode
that we wish to eliminate with the OVC so as to reveal
weaker modes. For the region within the Lyot stop,
1" < Ry, it may be shown that

G "6 = Goei® {(1) et ©
where Gy = Af3/z. The m = 0 case corresponds to the
reimaged objective aperture. To establish the underlying
method, the m = 2 case is treated below.

The mode (I,n) = (1,0) is also zero valued within the
Lyot stop. The lowest order transmitted mode corre-
sponds to (I,n) = (-1,0):

G2 07, 0") = =i(Gy/2)(r" [R")y; @ O+ (10)

where y; = 2zR|a;|/A2. The next highest order mode that
transmits through the Lyot stop is found to be

GE(".0) = ~(Go /D) R 220 (11)

The transmitted power P is given by the integrated
intensity of light through the Lyot stop:

27 [Riyot 9 9
= /0 /(; |G(_1),0 + G(()} +

Comparing this to the transmitted power with the vortex
lens removed,

Porrdrde’.  (12)

(0) 2z RLym 200! 4 7
PO = ) |Gol2r"dr"de", (13)

one obtains the ratio, to leading order, of two easily
measured values:



7@ =P /PO = (1/8);% + O(r}). (14)

For a distribution of N point sources, the power trans-
mitted through the Lyot stop will depend on the mutual
coherence of the sources. For interfering coherent
sources, it may be necessary to include the contributions
of Eq. (11) because the lower order term may cancel ow-
ing to interference. However, for incoherent sources,
Eq. (11) is negligible. The relative transmission may then
be written

N
n® (@, o) = (1/8) Y _7ie, (15)
j=1

where ¢; is the normalized brightness of the jth source
with Zﬁ\': 1€ = 1, and the origin (xy, ) mark the position
of optical axis of the OVC [see Fig. 3]. The value of
Eq. (15) is a minimum at the centroid of the distribution,
as illustrated by the curve P® at @ = 0 in Fig. 4. What is
more, when (xy,y,) is positioned at the centroid of the
distribution, Eq. (15) is equal to 1/8th the radial variance
of the distribution. The centroid of an unresolved distri-
bution of sources may be found by angularly scanning the
OVC to locate the minimum value of #®, at which point
the measured power is proportional to the variance of the
distribution. The value P is expected to remain con-
stant over small scan angles, and thus it is sufficient to
locate the minimum value of P®. This technique may
be useful for targeting and tracking unresolved objects,
honing a guidestar, or determining distances between
distributions.

Conventional imaging of a point source produces an
intensity peak that varies for small angles as 1 -
(1/8)(a/ay)> where a =a;/z and a; = 1.22)/2R (see
“Point Image” in Fig. 4). Similarly, the angular variation
for the m = 2 OVC may be written as (1/8)(a/as)? +
const where ay = A/2zR. The smaller value a; =
ay/3.83 provides the OVC with a potential advantage
for locating the centroid, as discussed below. Once the
signal is determined at the centroid, the OVC provides
a simple means of determining the variance of the distri-
bution. For example, if we measure P® = 0 + 6P® we
say that the source is a single point source to within an
error of da = (1/2zR)+/86P®? /PO, If sP® /P® = 1075,
then da ~ 103q,.

A comparison of measured signals for a conventional
imaging system and an m = 2 OVC is represented by
computer-generated data dominated by additive noise
in Fig. 4. The plots suggest that noisy measurements
across a subresolution range may be used, along with
a least squares fit assessment, to extract the values of
a, and P® without large errors (0.85% and 9%, respec-
tively). Repeated measurements would allow greater pre-
cision. Note that the width of the conventional image is
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Fig. 4. (Color online) Computer-generated signals with addi-

tive noise for an OVC (m = 2) and a conventional imaging sys-
tem (m = 0) having respective widths 0.3181/D and 1.224/D (4
wavelength, D objective aperture diameter). The offset OVC
minimum indicates that the radiating object has a nonzero
angular extent.

not well-sampled, and therefore the error (11%) is signif-
icantly higher than the OVC case.

In summary a means to extract moments of an unre-
solved distribution of point sources has been established.
In particular, the radial variance of the distribution is
determined by simply measuring the transmitted power
through an m = 2 optical vortex coronagraph at the cen-
troid of the distribution. The position of the centroid cor-
responds to the angular position where the transmitted
power has a minimum value. The theoretical approach
presented here can be generalized for arbitrary distribu-
tions of light and for other even values of topological
charge. Higher charges are expected to reveal higher or-
der moments of the light distribution. Experiments using
a high quality vortex lens produced with microlithogra-
phy techniques are underway.

The author is grateful to Mark Dennis, Univ. Bristol,
and Jiaxuan Han, Rochester Institute of Technology,
for discussion regarding calculations involving higher
values of the topological charge.
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